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The increasing contribution of mathematics to the culture of 
the modern worlu, as well as its impor*-.ance as a vital part of 
scientific and humanistic education, has made it essential that 
the mathematics in our schools be both well selected and well taught. 

With this in mind, the various mathematical organizations in 
the United States cooperated in the formation of the School Mathe- 
^*^tics Stuay Group, This Study Group includes college and univer- • 
sity mathematicians, high school teachers of mathematics, experts In 
education, and representatives of science and technology. The gen- 
eral objective of the Study Group is the improvement of the teaching 
of mathematics in the schools of this country. The National Science 
Foundation has provided substantial funds for the support of this 
enaeavor. 

One of. the prerequisites for the improvement of the teaching 
of mathematics in our schools is an improved curriculum — one which 
takes account of the increasing use of mathematics in science and 
technology and in other areas of knowledge and at the same time one 
which reflects recent advances in mathematics itself. One of the 
first projects undertaken by the School Mathematics Study Group was 
to enlist a group of outstanding mathematicians and mathematics 
teachers to prepare a series of high school textbooks which would 
illustrate such an improved curriculvim. This textbook is based upon 
Ih experimental units which comprised a first product of this proj- 
ect. 

, The professional mathematicians in the Study Group believe that 
the mathematics presented in this text is important for all well- 
educated citizens in our society to know and that it is also impor- 
tant for the pre-college student to learn in preparation for advanced 
work in the field. At the same time, the high school teachers in the 
Study Group believe that 5.t is presented in such a form that it can 
' be readily grasped by students . 

In most instances the material presented will have a familiar 
note to it, but the flavor of presentation, the point of view, as it 
were, will be different. Some material will be entirely new to the 
traditioral curriculum. This is as it should be, for mathematics is 
a living and an ever-growing subject, and not a dead and frozen 
product of antiquity. This healthy fusion of the old and the new 
should lead a student to a better understanding of the basic concepts 
and structure of mathematics and provide a firmer foundation for 
•understanding and use of mathematics in a scientific society. 

It is not intended that this book be regarded as the only 
definitive way of presenting good mathematics to students at this 
level. Instead, it should ^e thought of as a sample of the kind of 
improved curriculum that we need and as a source of suggestions for 
the authors of the commercial textbooks of the future. It is sin- ' 
cerely hbped that these texts will lead the way toward inspiring a 
more meaningful teaching of Mathematicp, the Queen' and Servant of 
the Sciences, 
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PREFACE 



Fourteen experimental units for use in the seventh and 
eighth grades were written in the summer of 1958 and tried 
out by approximately 100 teachers in 12 centers in various 
parts of the country in the school year 1958-59, Some of the 
chapters of this book are quite similar to the corresponding 
experimental units, and in others there are some important 
changes. Several of the chapters are entirely new. Ihe 
changes and additions are based both on the teachers' comments, 
on their experience in teaching the experimental units, and on 
knowledge of modern needs, 'Bie materials are also carefully 
chosen to provide adequate preparation for the text materials 
prepared for use in grades 9 through 12 by SMSG. 

Big ideas of Junior high school mathematics, emphasized 
in this text are: structure of arithmetic from an algebraic 
viewpoint; the real number system as a progressing develop- 
ment; metric and non-metric relations in geometry, Throughout 
the materials these ideas are associated with their applica- 
tions. Important at this level are experience with and appre- 
ciation of abstract concepts, the role of definition, develop- 
ment of precise vocabulary and thought, experimentation, and 
proof. Substantial progress can be made on these concepts in 
the Junior high school. 

Mathematics is fascinating to many persons because of its 
opportunities for creation and discovery as well as for its 
utility. It is continuously and rapidly growing under the 
prodding of both intellectual curiosity and practical appli- 
cations. Even Junior high school students may formulate 
mathematical questions and conjectures which they can test and 
perhaps settle; they can develop systematic attacks on mathe- 
matical problems whether or not the problems have routine or 
immediately determinable solutions* Itecognition of these 
important factors has played a considerable part in selection 
of content and method in this text. 

We firmly believe mathematics can and should be studied 
with success and enjoyment. It is- our hope that this text 
may greatly assist all teadhers who use it to achieve this 
highly desirable goal. 
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Unit 1 

NUMBER LINE AND COORDINATES 

1 

1-1. The Number Line 

The niunber line can be very helpful In studying the numbers 
which- we use and in finding out more about their properties. Let 
us think of the number line as being represented by the line in 
the drawing. It extends indefinitely far in both directions. 

« 1 1 1 1 1 i ^ 

0 12 3 4 5 6 

Figure 1-la 

The set of points on the ray to the right of 0 has 0 as the 
point farthest to the left but there is no point on this ray which 
is farthest to the right. There are more points on it than there 
are grains of sand on all the seashores -of the world. There are 
a great many numbers too. Do you think that there are more num- 
bers than there are points on a ray or more points on a ray than 
there are numbers? Is there a greatest number? If you think of 
a very large number, you could think of one still greater Just 
by adding 1 to the number you have in mind. Then you could add 
1 to that number to get a greater number, and so on and on. All 
this says that if we start writing the whole numbers 

0, 1, 2, 3, ^, 5, 6, ... 
we could never finish the task of writing them, even If we lived 
a long time and had a place where we could write them. 

Let us set up a one-to-one correspondence between the whole 
numbers and some of the points on the number line. We will do it 
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this way. First, select a point on the number line and associate 
it with the number 0, and label the point 0. Next we select a 
segment whose measure of length is one unit. This unit may be 1 
inch, 1 foot, or Just any segment that we choose for our unit 

length. For example, we may choose the segment P • and 

use It for the sep;ment whos^ measure is 1 unit. 

Now from the point 0 on the number line measure a distance 
of 1 unit to the right of 0 to locate the point which we will 
associate with the number 1. (Although we usually label points 
with capital letters we will use the number associated with each 
point to label the point just for the sake of simplicity in the 
Figure.) Next, from the point labeled 1 measure a distance of 1 
unit to the right to locate the point to be associated with the 
number ^2. Label this point with 2. Is it easy to see how the 
points which are labeled 3.. 4, 5, 6 have been located? How would 
you locate the point which you would label 10? 

Can we associate fractions with points on the line? Let us 
first consider the fractions whose denominators are 2: ^, ^, 
•^t r^t ' ' ' ' order to obtain a segment whose measure is ^ we 
simply get a segment whose length is ^ of the unit segment. Then 
from the point 0 measure the length of this half-segment to tno 
right of 0. This locates the point with which we associate the 
number ^ and we label the point ^. The points ^, ^, ^ are 
located by repeated measuring along the number line with the 
segment whose length is unit. 
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0 1 I 2. B 2 ± £ 

3 2 3 2 2 2 2 

Figure 1-lb 

In order to associate points on the number line with fractions 
whose denominators are 3 we proceed very much as above. Instead 
of using a length which is ^ of the unit segment we us« one which 
is ^ of the unit segment and measure th^s length successively to 
the right of 0. In this way we locate the points "j* f * -j* 
Similarly, points are located on the number line which are asso- 
ciated with fractions whose denominators are k, 5, 6, 7"». Some- 
of these are shown lin the Figure 1-lb. 

Does it appear that we would "use up" all the points on the 
ray to the right of 0 if we associated each fraction and each 
counting number with a point on the number line? The answer is 
that there would still be points not associated with any number- 
but we will leave further explanation until we get to Chapter V. 
We have not said anything \bout associating !#nbers with points 
on the ray to the left of 0 and now we should do that. 

Before we try to associate numbers with the points on the 
ray to the left of 0 let us talk' about something that is familiar " 
to you, a thermometer scale. We have drawn one in Figure 1-lc, 
The line on which the scale is indicated is not vertical as the 
thermometer scale usually is, but it iu horizontal so that it will 
look more like the number line. If thm temperature is zero, the 
end of the column of fluid in the thermometer stem is at 0 on the 
scale. If the temperature rises the .fluid expands and the end of 
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Figure 1-lc 

the fluid column moves to the right. -When this happens we read 
the temperature by saying "it is 26 degrees above 2e37o",lf the 
end of the column is at 26 on the scale to the right of 0. If 
the temperature decreases so that the 2nd pf the column is to 
the left of the point 0 we read the tempet'ature by saying "it is 
10 degrees below zero", if the end of tlje column is at 10 on the 
scale to the left of 0, The expressions "26 degrees above zero" 
and "10 degrees below zero" are frequently abbreviated by the use 
of symbols 4- and These symbols are not used to indicate add- 
ition and subtraction but just to indicate directions on the scale 
from the point 0. Hence we will write +26° and (-10°) to indicate 
these two temperatures. V/e will call the + symbol the positive 
sign and the - symbol the negative sign when they are used in 
this manner. Hence any, temperature reading on the scale to the 

left of 0 is a negative reading and any one to the right of 0 is 

7 

a positive reading. / We do not say that one is a minus temperature 
and the other a plus temperature. Thus, (-10°) is read negative 
ten degrees and it means 10 degrees below zero while +26° is read 

♦ • r 

positive twenty-six degrees and means 26 degrees above zero. 
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Class Exercises 1-Ia • 
(All the questions refer to the. thermometer scale in Figure 1-lc.) 



Read and write the temperature if 


the end of the fluid column 


is at each .of the follbwing points 


on the scale: A, B, C,^^ 0, 


D, E, P, G. 




When reading the temperature for the point o on the scale did 


you need to use either the symbol 


4- or -? 


What is the temperature if the end 


of the fluid column is 


(a) Midway between A and 


a? ' 


(b) Midway between A and 


c? 


(c) Midway between B and 


D? 


;-(d) Midway between G and 


H? 


(e) - Midway between B and 


P? 


If the temperature is 0° and rises 


20° what is the temperature 


then? If it is 0° and falls 10°? 


If it is -10° and rises 


10°? If is 10° and falls 20°? If 


it i3 20° and falls 10°? 


Copy the following^ table and fill in the missing numbers. 


Original Temperature 


Temperature after 


Temperature Rises 


the change 


+10° J , 10° 


. -10° • 10°' 


10° 


10° 


• 10° 


-20° 


-i*0° 


-30° 


0° 


■ 4.20° 


30° 40° 


90° 40°- . 


20° 


-10° 


30° 


-20° ■ 



6. Copy , the following table and fill in the misssing numbers. 



Original 
1 empera wuFc ^ 


Tempera tia re 


Temperature after 


-20 


20 






10° 


< 




4o° 












30° 


0° 




10° 

« 


-10° 




10° 


-20° 


20° 




-20° 


10° 




o°- 



1-2. Negative Numbers 
In the table in problem 5 you have been adding numbers to 
other numbers, some of which were positive and some negative. 
This thermometer scale suggests a way of obtaining numbers -which . 
we can associate with points on the number line and also suggests 
that the numbers which we introduce can be added. Also, the 
way of writing the numbers on the left ray is suggested by the 
thermometer scale. But, there are no numbers associated with 
points on the left ray yet, because we have not introduced any. 
The thermometer scale Just gives us the idea of how these new 
numbers may be defined. Since the numbers on the left end of 
the thermometer scale are called negative numbers, we will give 
this name, negative numbers , to the numbers which We will define 
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and which we will associate with the points on the ray to the 

# 

left of 0. It seems natural that we would wish to define numbers 
so that the operations of addition, subtraction, multiplication 
and division could be carried out with these ,new numbers just 
as they are carried out with the ntjimbfers Ion the right ray. 

The point- associated with 0 is the point which is the inter- 
section point of the right and left rays. This number 0 will be 
used in defining our new numbers and it will continue to be a 
very important number. 

We will, now define, or invent, numbers to be associated with 
the points on the left ray so that the number Owill be the" ad- 
ditive identity for all the numbers on the^line as it is now the 
additive identity for all rational numbers. Recall that 0 is 
called the additive identity in the set of rational numbers' 
because- • , ' 

^0+a = a+0=a, for any rational number a. 
Consider the rational- number 2. The new number -corresponding to 
2 will l^e" written -2, read negative 2, and we define it by saying 
that it is the number which added to 2 gives a as the sum. Hence, 
2 4- (-2) =5 0. . Notice that the ^definition of (-2) is simply that 
it is the number which added to 2 gives 0 as the sum. At present 
there is nothing more that we can say about it. However, we will 
be able to find out more about it as we go along. We want the 
commutative property of addition to hold for negative numbers as 
well as for those we have been using. Hence, we require that 
(-2) 4- 2 = 0, as well as having 2 f (-2)'=* 0 as given by the' 
definition. ^ 



since we will be using the commutative, associative, and 
distributive properties, let us review them with some examples 
and exercises. We state them In mathematical language. In the 

♦ 

statements a, b, c represent any rational numbers. 

Commutative property for addition: a + b = b + a. 
Associative property for addition: a + (b + c) = (a -i. b) 
Commutative property for multiplication: a- . b s b - a 
Associative property for niltlplication: a • (b - c) sa 
» . (a b) • c 

Distributive property: a • (b +- c) = (a • b) -{- (a • c) 

and (b-}- c) - as (b • a) -h (c • a) 



Exercises l-&a (Class discussion) 
1. State which property (or properties) is used in each of the 
following: - 



(a) 


5 - 


7 = 7-5 






(b) 


3 • 


• 5) = 


(3 . 4) • 5 




(c) 


3 • 


(4.5)= 


(3 • 4) • 5 = 


[k^- 3) • 5 


(d) 


9 


(1 «- 10) = 


: (9 1) 4- 10 




(e) 


9 ^ 


(1 10) = 


= (1 ^ 9) 10 




(f) 


3 • 


6 I. 3 • 4 


= 3 • (6 +. 4) 


= (3 • 10) 


(g) 


7 • 


8 f 3 • 8 


= (7 3) • 8 


^ (10 • 8) 


w 


3 \- 


17 = 17 +- 


3 




(i) 


6 . 


(3 \ 7) = 


(6 . 3) (6 • 


7) 


(J) 


5 • 


(a 6) = 


(5 • a) (5 • 


6) 



-Rir 
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Any two numbers whose sum Is 0 are called additive inverses 
of each other if ti^ey .may be interchanged in the addition. Be- 

• * 

.cause of this definition and of what we have said about 2 and -2, 
these numbers are additive inverses. We can write negative 2 
and -2 or (-2) in case( there would be any confusion between the 
sign for the negative number and the symbol for the subtraction 
operation. 

V/hat is the association between this new number, -2, and a 
point on the number line. Let us agree that -2 will be associated 
with the point on the number line which is Just as far to the left 
of 0 as the point associated with 2 is to the right of 0. This 
last statement does not define -2, as it has already been defined 
by saying that it is the number which added to 2 gives 0 as the 
sum. This way of locating the point associated with -2 is suggest 
ed by the thermometer scale. 

Similarly we define negative 3, (-3), as that number which 
added to 3 gives 0 as the sum. We write 

3 + (-3) = 0 and (-3) 4-3 = 0. 
By definition of additive inverses the numbers 3 and are addi- 
tive inverses. We associate the number -3 with the point on the 
number line which is Just as far to the left of ^| '^'^^ point 
associated wi-th 3 is to the right of 0. In exactly similar manner 
to the way in which we defined (or invented) the new numbers (-2) 
and (-3) we can define new numbers (-1), (-^), (- (- and 
so on. Indeed, if a is any rational number which is associated' 
with* a point on the right half of ^e number line, then we define 
negative a, (-a), by saying (-a) is the number which added to a 

ERIC 
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gives 0 as the sum. We write ' - • 

,a 4- (-a) « 0 and (-a) f a « 0. 
The number (-a) is associated with the point on the number line 
which is the same distance to the left of 0 as the point associat- 
ed « with the number, a is to the right of 0. Also, the numbers 
a and (-a) are additive inverses. Since the use of the state- 
ment a 4- (-a) » 0 is a new and somewhat unusual way of stating a 
definition, it is very important to recognize the statement as a 
definition. The statements tells us what (-a) is and after that 
we merely assign a point on the number line to be associated with 
it. 

E xercises l-2b (Class Discussion ) 

1. Define each of the following numbers and tell how you would 
associate a point on the number line with ^ each one: 

(-1), (-50), |), (- §), (-100). 

2. Supply the missing numbers in each oZ the followin| statements 
so that each statement will be a true statement. 

(a) 3 4- (-3) = (e) (- 4) + =.0 

(b) 4. (-4) = 0 (f) (^) + = 0 

(c) (-6) ^ , 0 (g) (- |) + 1 = 

(d) (-75) <- (75) - (h) (-.45) + .^5 ^ 

3. Write the additive inverse of each of the following numbers: 
7, (-9), 11, (-12), (-8), 15, (-20), 0, (- |), (|), (-^), 
(55) • 
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We have called the new numbers negative numbers . The . 
nuifSajers -1« -2, -3, -5*... are called the negative integers. 
We will now call the counting numbers 1, 2, 3, ^, 5,... the 
positive integers. Sometimes if we wish to emphasize that a 
numbezi is positive, we write the symbol before it. For example 
we may write positive k as -i-h or Just ^ without the symbol. If 
a number is a negative number, the symbol must be written in 
front of it and we will write the number in parentheses so that 
the - symbol will not be confused with the subtraction sjmibol. 
If there is no possibility of confusion a negative number may be 
written without the parentheses. 

The set of numbers which consists of the positive integers . 
(counting numbers), the negati'.e integers and 0 is called the set 
of integers . Frequently this set is indicated by the letter I, 
We write this in concise form: 

♦ I [..., -4, -3, -2, -1, 0, 1, 2, 3, ....} 

in which the numbers appear from left to right just as they would 
appear if written with the associated points on the number line. 

1-3, Addition of Positive and Negative Numbers 

First, we will consider addition by looking" at the example 
64- (-4). In order to obtain this sum we will notice that ^ + 
(-4) is 0 and write 6 as 2 + 4. Hence 6 + (-4) becomes 2 4- 4 + 
(-4) and since we are, going to require that the associative 
property hold for addition of all numbers we may write 

64- (-4) > [2 4. 4] 4- (.4) . 2 4. [4 4. (-4)] 

If) 
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and since 4 4- (~^) « Of we must have 6 4> (-^4) » ^. 

We have already stated that the commutative property for 
addition of all numbers is to hold. As a result of the copiuta 
tive prpperty, we may write further that 

6 4- (-4) . i-k) + 6.2. 
Example: Find the sum 7 + (-5). 

We think of Y as the su:n of 2 and 5 and write 

7 4- (-5) - [2 5] + (-5) I 

I 

- 2 + [5 + (-5)1 
= 2+0 
= 2. 

Exercises l-3a 

1. Use the method we used in finding 6 + (-k) and 7 + (-5) to 
add the following: 

(a) 9 4- (-5) (e) 12 + (-10) 

(b) 10 + (-7) (f ) 60 + (-40) 

(c) 8;+ (-3) • (g)- 30 + (-20) 

(d) 6 + (-5) (h) 11 + (-8) 

2. Did you notice that all of the parts of Problem 1 were of 
the type a + (-b) where a and b are positive integers 
and a > b? Use what you observe about the sum, namely that 
it is (a - b), to obtain the sum in each of the following. 

(a) 7 4. (-4) (e) 15 ^ (-7) 

(b) 10 + (-7) (f) 15 ^ (-13) 

(c) 15 + (-7) (g) 25 + (-16) 

(d) 18,+ (-10) ' (h) 30 4- (-16) 
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3. Supply the negative numbez* In each so that each sum will be 
correct. 

(a) 7 f ( ) « 2 (d) 15 + ( ) - 10 

(b) ' 9 -H ( ) - 6 (e) 16 + { ) = 6 

(c) 10 f. ( ) . 4 (f) 20 + ( ) - 9 

In Problem 1 In the above exercises you noticed that in 
adding (-b) to a, the answer was always a - b. This is all 
right if a > b. But what can we do if b > a? Let us consider 
this by use of an example: 2 (-7). We would, like" to think of 

2 as being replaced by (some number) f 7. Since (-5) 4- 7 is 2, 

we will replace 2 4- by [(-5) 7] -f- (-7) so that we can write 

2 + (-7) - [(-5) 4- 7] 4. (-7) 

= (-5) 4- [7 4- (-7)] Associative property 
= (-5) 0 
= (-5) 

As another example of the type a (-b) where b > a, consider 

3 4- (-8). We will express 3 as (-5) + 8 so that we can write 

3 4- (-8) - [(-5) 4- 8] + 8 

- (-5) ^ [(-8) 4. 8] 
= (-5) + 0 

- (-5) 

Do you see why we replaced 3 by (-5) + 8? We could have replaced 
3 by (-4) 4. 7, Why did we not do that? You see that we wished 

f -9 

to replace 3 by the sum of two numbers, one of which was 8, so 
that in the problem the sum of 8 and (-8) would be 0 and so 
simplify the addition. 
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Exercises l~3b 

1. Use the method we have used in finding 3 + (-8) and 2 4- (-7) 
to find each of the following: 

(a) 5 (-10) ' (c) 7 4- (-12) 

(b) 6 f (-9) (d) 3 + (-11) 

2. Prom the addition problems in No. 1 you see that we have been 
doing additons of the type a ^ (-b) where b > a. The answers 
were all of the type -(b - a). Use this short way of writing 
the answers to each of the following. 

(a) 3 4- (-6) . (e) 10 + (-30) 

(b) k ». (-9) (f) 15 + (-25) 

(c) 6 4- (-17) (g) 20 +"(-40) 

(d) 10 > (-20) ^ " (h) 25 ¥ (-50) 

3. Now we "mix them up". Some of these problems are of the type 
a 4- (-b) where a > b and in some b < a. Find the sum In each, 

(a) 12 4- (-10) (f) 7 4- (-12) 

(b) (-12) + 10 (g) 8 4- (-15) 

(c) 8 ^ (-7) . (h) 7 + (-1) 
.(d) 7 4. (-8) (i) (-6) + 9 

(e) 11 + (-3) (j) (-6) + 1 

We hope that you have observed the similarity between such 
problems as 7 (-3) and 3 4- (-7). We have 7 + (-3) » k, bUt 
3 4- (-7) - -4. In general, a 4. (-b) =. a - b if a > b and 
a + (b) a -(b - a) if b > a. 

^ow we need to know how to add two negative numbers. Consi- 
der (-3) 4. (-4), for example. We know that if we add 3 and (-3) 
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we get 0} and, if we add k and (-k) we get 0. Hence [3 4- (-3)]' 

■»• (-^)J « 0, since the sum in each pair of brackets is 0. 
We may write 

[3 f (-3)] ^ [k ^. (-4)3 . [3 f i^j 4- [(-3) f (-4)] by 
using the associative and commutative properties. But since the 
sum on the left side of the equality symbol is 0, we must have 

[3 4- 4 [(-3) 4- (-M)} = 0, 
ov, • 7 > [(-3) 4- (~h)] „ 0. 

This last statement says that the additive inverse of 7 is the 
number [(-3) 4- (-4)]. But the additive inverse of 7 is (-7), by 
definition of additive inverse. Hence, we must conclude, that (-3) 
4- (-4) = (-7). Is there an easy way of seeing how these two 
negative numbers can be added? In general, (-a) + (-b) » -(a 4- b) 





Exercises 


1.3c 








Find 


the sum in each. 










(a) 


(-5) 4- i-k) 


(f) 


(-25) 


4- 


(-20) 


(b) 


{'9)\ (-1) 


(g) 


(-17) 


-f 


(-20) 


(c) 


(-60) 4. (-4) 


ih) 


(-24) 


4- 


(-16) 


(d) 


(-20) ^ (-10) 


(i) 


(-15) 


^ 


(.14) 


(e) 


(-30) 4- (:20) 


(J) 


(-25) 


4- 


(-35) 



4 



Summary 

I. a -I. (-b) • a - b if a, b are positive rational numbers and 
a > b. 

Example: 54-(-3)«5-3=2 
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II. a 4- (-b) m -(b - a) If a, b are positive i^tional numbera 
and b > a. 

Example: 7 + (-10) - -{10 - T) « -3 
IXI. ^(-a) 4- (-b) - -(a + b) if a and b are positive rational 
numbers . • 

Example; (-10) * (-5) - -(10 + 5) « -15 

1-4, Multiplication of Negative Numbers 

You might have expected to find that subtraction would be 
considered next, but we are going to leave that until a little 
later and study multiplication now." We know that^ any number 
multiplied by 1 is the number Itself if the number is a positive 
number. The number 1 has this same property by definiton when 
it is multiplied by a negative number. For this reason the number 
1 is called the identity for multiplication. Just as 1 • a = 
a • 1 =1 a, so 1- (-a) = (-a) ■ 1 ^ (-a). Let us see if we can 
show that '(-a) = (-1) • a. We will start with a + (-1) • a which 
can be written 

a-*.(-l)*awl*a4-(-l)*a where a is any 
positive rational number. We wish to have the distributive pro- 
perty hold for all numbers. By use of this property we can have 

a 4- (-1) • a » 1 • a 4- (-1) • a 

= [1 4. (-1)3 'a 

» 0 • a 

a 0. 
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Hence^ a 4- (-1) • a » 0. Since this is no, it means that (^) - a 
is the .additive Inverse of a. But the additive inverse of a is 
(-a) and, consequently, we define 

(-a) » (-1) . a in order that the 
distributive property and the property of inverses hold. 
Examples! -3 « • 3j -7 -1 • 7i «, -1 • ^ 

We can use the fac|^that (-a) is equal to (-1) • a to find the 
product of any two numbers if one of the numbers is positive and 
one is negative. Consider (-2) . 3. By using what we have Just 
shown, we can write • , 

(-2) 3 [-1 • 2] 3 . 

= -1*[2 ' 3] by use of the associative pro- 
perty 

=. -1 • 6 
« -6, 

In general, if a and b are any two positive rational numbers: 
(-a) • b = [-1 • a] • b 
= -1 • [a • b] 
= -[ab]. 

Since the commutative property is to hold for multiplication of 
negative numbers as well as positive numbers, it follows that 
b • (-a) = (-a) • b » -(a • b) = -(b • a) 

Examples. 6 • (-7) =, -(6 • 7) = -k2 ^ 
(-5) • 9 » -{5 • 9) = -i*5 



lb 
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Sxercd.ses l-4a 



1. 



Find 



the product in each.. 



(a) 
(b) 
(c) 
(d) 
(e) 
(f) 
(g) 
(h) 



9 • (-10) m . 

(-6) • 1? = 
(-8)(7) . 



(-13) • 13 = 
• 63 = 
27 • (-25) - 




- ^) • 16 . 



(1) 
(J) 

(1) 
(m) 

(n) 
(o) 



81 •(-!)« 
6l» . (-8) . 
(-2).(-3)-(4) = 
(-5)-(-2)-(-3) - 
(4)-{-5)-(-10) - 

(2)-(-4)-(-5)-{-l) - 
(.?).{. 3). (-l).(-i) = 



In order to find the product of two negative numbers let us 
look first" at the product of (-1) and (-1). 

Since 1 is the identity for multiplication, -1 = (-1) • 1. 
We will need to use this. In order to find (-1) • (-1); let us 
start by considering the sum 



(-1) . (-1) ^ (-1) = (-1) • (.1) 4. (-1) . 1 

= (-1)[(-1) + 1] Use of the 
distributive property 

= (-1) [0] since (-1) 4-1 = 0 



Now if (-1) • (-1) 4. (-1) = 0 this must mean that (-1) is the 
additive inverse of (-1) • (-1). But f-1) is the additive inverse 
of 1 and we must conclude that (-1) • (-1) a l. 



(-1) • (-1) ^ ( 



1). 



We now use the fact that -1 = 



1 and write 
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We can use the fact that (-1) • (-1) « 1 in -obtaining the 
product of any two negative numbers. For example, consid-er the 
product (-2) • (-4). Using the fact that' (-2) =» (-1) • 2 and 
(-k) = (-1) • hj we can write ' 

(-2) . i-k) = (-1) • 2 . (-1) • 4 . 

= (-1) •(-!)• 2 • 4 Use of commuta- 
tive and associative properties 
I ' 2 ' h 
= 2 ' M = 8 

In general, (-a) (^b) = (-1) • a • (-1) • b = (-1) • (-1) • a . b 
- a ■ b. 

Exercises l-^b 
1. Pii.d the product in each. 



(a) 


(-6). 


(-10) 


(n) 


(-16). (-12) . 


(b) 


(-3)- 


(-M 


(o) 


(-^5)'(-3) 


(c) 




(b) 


(P) 


'^5 • (-3) 


(d) 




.(-6) 


(q) 


(-27) • 0 


(e) 


(-^) 


•(_i|) 


(r) 


(-16). ( 1) 


(f) 


(-75] 


f (-^) 


(s)- 


(20). (-10). (-5) 


(g) 




(-10) 


(t) 


(-3).(-5)-(-M 


(h) 


iJL » 1 


-10) 


(u) 


(-5)-6.(-2) 


(i) 


(-10] 


• k 


(v) 


(-^)"(-5) • 3 


(J) 


(-6). 


(-7) 


(w) 


(-2).(-l)-(-3) 


(k) 


(-15] 


.(-4) 


(x) 


(-M-(-2)-(^2) 


(1) 


(-20] 




(y) 


(-3). (-3). (-3) 


(m). 


(16)- 


(-12) 


(2) 


. {-2).(2)-(-2) 
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2. • In the follofwing problems in muitlplication put a number 
in the pa4*entheses so that the statements will be correct. 



(a) 


( ) • 


6 


« -12 


(1) 


1 • (• ) = -1 


(b) 


5 • ( 


) 


] 


(J) 


6 • ( ) = -36 


(c) 


• (-10) 


•( 


) = 100 


W 


(-9)-( ) = 81 




(-5)- 




1 = 20 


(1) 


5 • ( ) = -30 


(e) 


(-5)- 




) = -20 


(m) 


( ).(-io) = -90 


(0 


11 • 




) a, -110 


(n) 


( )-(-50) = 100 


(P) 


(-I)- 




) = i 


(0) 


(^6)-( ) = -60 


(h) 


(-7)- 




) = 0 


(P) 


(- \)'{ ) = -1 



1-5. Division of Negative Numbers 

In Problem 2 of the preceding exercises you were finding a 
number which coul4 be multiplied by a certain numbeli-to yield r. 
Riven number as the product. For example, you were asked to 
put the correct number in the parentheses so that 

5 • ( ) = -15. ( ^ ' , 

You obtain the number -3~by recognizing that 5 multiplied by -3 
gives -15 as the product. Prom the meaning of division as the 
inverse of multiplication" -3. ''^Iri^neral', if a and b 
are any positive rational numbers, and there is a rational number 
X so that bx = a, then the number x is ^, or a divided by b. 
If W -a, where b is a positive rational number and -a 

is a negative rational niimiber, then x must represent a negative 

' -a 
number frc^ what we know about multiplication. Hence, x « -g- 

is a negative number and we conclude that a negative number divided 

by a positive number is 1 negative number. 
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If (-b) • X « a, then x must be a negative number from our 
knowedge of multiplication. Hence x • is a negative number 
and we conclude that a positive number divided by a negative 
number gives a negative number. 

If (-b) • X = a, X must be a positive number since -b must 
be multiplied by a positive number to give -a. Hence x =: is 

* 

a positive number and we must conclude that a negative number 
divided by a negative number is a positive number. 

These three preceding paragraphs give us the ways of dividing 
negative numbers. But, there may be a question on how to write 
such a number as in which '.3 does not divide, 2. We may look 
at it this way: If 3 • x = -2, then x ;= just as if b • x = a, 
then X = ^. Hence, 3 • (•^) = -2. But by multiplication 3 §) 
,= -2 so that X must also be - ^. Thus ^ ^ - ^ . 

Similarly may be written - For ^ = ' since 

we may multiply the numerator and denominator of the fraction 
by -1. But, [ = so that = or - |. In 

general, ^ _ ^ » _ ' Example: 

-7 7 7 1 

-J- = ^ a - or if we like we may write -2^. 

Exercises 1-5 
1. Divide in each of the following. 

(a) 4| ■ -(e) i° 

' (b) 4^ (ft ^ 



(d) ^ (h) ^ 



22 • ^-6 

w =^ (p) 41 . 

-169 /a^ 72 

1-6. Subtraction of Negative Numbers 

We hope you have the addition facts well in mind for we are 
going to l^arn subtraction facts for negative numbers by use of 
addition. This is not ^ new idea. When you_.first learned tv 
subtract you probably did it by using addition. For example, in 
subtracting 2 from 7, we write it 7 - 2 and we recognize that 
7 _ 2 = 5 by knowing that 2 added to 5 gives 7. 

Let us study subtraction by examples first. Then we can 
state our results in more general terms as we did for addition. 

Example 1. Subtract 7 from 2. To get the answer we must 
ask "What number can be added to 7 to get 2?" That is, 7 4- (?) 

2. Prom our knowledge of addition of negative numbers we 
recognize that 7 ^ (-5) = 2. Hence 2 - (7) = (-5). Notice that 
the answer is (- [7 - 2]) or (-5). Use this method in the next 
exercises . 

Exercises l-6a 
The symbol is the symbol for subtraction, 
.-1. (a) 2 - (4) (d) 4 - (8) - 

(b) 3 - (6) ' (e) 10 - (12) - 

(c) 5 - (7) « (f) 7 - (9) » 
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(g) 8 - (10) » (1) 3 - (7) « 

(h) 7 - (11) - (m) 10 - (5) - 

(i) 5 - (9) = (nj 12 - (3) « 
(J) 6 - (8) « (o) 9 - (5) = 
W ^ - (5) = (p) 7 - (3) - 

Now we will subtract a negative number from a positive number. 

■ ■*» . 

Example 2. Subtract (-2) from 7. We write this 7 - (-2). 
Again we perform the subtraction by asking for the number which 
must be added to (-2) to give 7. From our knowledge of addition 
(-2) +9=7. Hence, 7 - (-2) =9- We get the same result in 
subtracting (-2) from 7 that we get in adding (2) to 7. 

Exercises l-6b 

, 1. Use the method in Example 2 to obtain the answers in the 
following: 



(a) 


6 - (-2) = 


(g) 


7 - 


(-9) = 


(b) 


9 - (-^) = 


(h) 


7 - 


(-5) - - 


(c) 


11-- (-8) = . 


(i) 


20 


- (-20) = 


(d) 


10 - (-10) = 


(J) 


15 


- (-10) = 


(e) 


6 - (-8) « 




30 


- (-20) = 


(0 


6 - (-6) = 


(1) 


40 


- (.40) = 



For the third type of subtraction we subtract a positive, 
number from a negative number. ^ 

Example 3. Subtract 7 from (-2). We write this (-2) - (7) 
and ask for the number which must be added to 7 to give (-2). We 
know that 7 (-9) (-2) so we know that. (-2) - (7) » (-9). Does 
this show that subtracting 7 from (-2) is the same as adding (-7) 
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t«> (-2)? 

Exercises l-6c 
1. Perform each of the following subtractions. 



(a) 


(-3) 


- (T) = 


(s) 


(-12) - 


(11) = 


(b) 


(-2) 


- (9) - 


(h) 


(-15) - 


(10) = 


(o) 


(-5) 


- (10) - 


(1)' 


(-ft) - 


(2) = 


(d) 


(-8) 


- (8) - ■ ■ 


(J) 


(-5) - 


(3) - 


(e) 


(-6) 


- (9) - 


(k) 


(ST) - 


(7) = 


(f) 


(-T) 


- (10) = 


(1) 


(-6^- 


(6) . 



The fourth, and last, type of subtraction is the subtraction 
of one negative number from another negative number. We consider 
this in the next example. 

Example k. Subtract (-7) from '{-2). We write^ (-2) - (-7) 
and ask for the number which must be added to (-7) to give (-2). 
Since (-7,) + (5) = -2 we have (-2) - (-7) = 5. 

Is (-7) - (-2) equal to (-2) - (-7)? We can tell by finding 
what we must add to (-2) to get (-7). Since (-5) must be added 
to (-2) to get (-7), we have (-7) - (-2) = (-5), but (-2) - (-7) 

Do you see that (-2) - (-7) = 5 is the same as (-2) 7 5, 
and, (-7) - (-2) =» (-5) is the same as (-7V^ 2 (-5)? 

Exercises l-Sd 

1. Perform the indicated subtraction In each of t^ following. 
Example: (-5) - (-3) = -To get the answer ask yourself 
what number must be added to (-3) to get (-5). Since (-3) ^ 
(-2) » -5, {-5) - (-3) « (-2). 
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(a) 


(-4) 


- (-2) - 


(g) 


(-t) - 


(-2) 


ar 


(b) 


(-6) 


- (-5) - 


(h) 


(-5) - 


(-1) 




(=) 


(-2) 


- (-1) = 


(1) 


(-1) - 


(-5) 




(d) 


(-5) 


- (-2) = 


(J) 


(-It) - 


(-1) 




(e) 


(-2) 


- (-t) = 


(K) 


(-6) - 


(-t) 


■ssti 


(f) 


(-3) 


- (-5) - 


(1) 


(-*) - 


(-6) 





Summary of Subtraction of Negative Numbers. In the summary 
a and b Tspresent positive numbers, (-a) and (-b) represent 
negative numbers. Whenever the symbol is used within paren- 
theses, it is the negative sign for the number with which it is 
written; when used in any other way it is the symbol for subtrac- 
tion. 



General Statement Example 

1. • a - b ^ a ^ (-b) = -(b - a), 7-9 = 74- (-9) = (-5) . 

if b > a 

2. a - (-b) = a 4- b 5 _ (-3) = 5+3 = 8 

3. (-a) - b = - (a 4. b) (-10) - 8 = -(10 4- 8) « -18 

4. (-a) - (-b) = (-a) 4- b (-2) -*{-7) = (-2) 7 = 5 

Exercises l-6e 
Now let us use all of these types of examples. 
1. Perform the following subtractions. 



(a) 


(-10) - (-3) ^ 


(r) 


{• 


-8) - (-2) 


(b) 


k - 6 m 


(e) 


(• 


-9) - 2 = . 


{ = ) 


l6 - 12 = 


(h) 


9 


- (-3) = 


(d) 


8 - (-2) = 


(1) 


7 


- (5) =. 


(e) 


(-8) - 2 = 


(J) 


7 


- (-5) - 
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■ * 

(k)' 2 - 9 - (m) 3 - 10 - 

(1) 2 - (-9) - (n) 3 - (-10) » 

(o) 4 - (-7) - 

1-7. Coordinates on the Line 
Let us consider the niimber line. 

^ 

,1, _1 , 1 >. ^• 

0 

Choose a point on the line and^iabel it 0. This point we call the 
origin ." 

Prom Section l-l recall that points on the ray to the right 
of 0 (the origin) will be associated with positive numbers and 
points to the left of the origin will be associated with negative 
numbers. We are now able to locate a point on the line associated 
with any rational number. 

. To illustrate the location of points associated with several 
rational numbers on a number line, let us draw a line se^nent 6 
inches in length. 

A 

— I 1 • 1 1 " I i 1 » 1 i + + — ^ 

-6 -5 -4 -3-2-1 0*1 *2 ♦a ♦4 *5 *e 
. In labeling our number line it is convenient to use only 

Integers. 

To locate point A on the number line we say it is three units 
^ from the origin on the ray to the right of the origin... The 
distance of a point from the ci'igin with its direction indicated 
by either + or - is, called the coordinate of the point. . 
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A rational number can always be associated with a point on the 
number line. The rational number gives the number of units dis- 
tance of the point from 0. If the sign of the rational number is 
positive, the point is to the right of 0| and if negative, the 
point is to the left of 0. Point A may be written A(+3) whe^^e 
its coordinate is {^3). 

Locate point B(-2).and point C(0) on the number line. Could 
you locate point D(4^) and point S(»-|)? 

By the method used in these above examples we can set up a 
one-to-one correspondence between the set of positive and negative 
rational numbers and a set of points on the number line. With any 
one of these numbers there is associated a point on the line. The 
number that is associated with a point on the line is called its 
coordinate. The coordinate of k{^3) is (4-3); the coordinate of 
B(-2) is (-2). 

Exercises 1-7 

1. Draw a segment of a number line 5 inches in length. Let one 
unit be one inch. On the line locate the following points. 

A(-l), B(4|), C(l), T(0), L(- |), P(-2) 

2. In problem 1, how far is it in inches between the point labeled 
T and the point labeled L? between P and B? between L 
and B? from the origin to A? 

3. Using a number line with 1 inch as the unit of length, mark 
the following points. 

R^), S(|), D(. |), P(0), E(4|) . 
If the line segment in problem 3 were a highway and was drawn 
to scale where 1 inch represents 1 mile, how far in miles is 
it between these points on the highway: P and-R? D and E? 
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5. If your number line were vertical instead of horizontal and 
your number scale were written with positive integers above 
the origin and negative numbers below the origin, draw a 
number line and label points to correspond with the rational 
numbers, 0, 1, 2, 3, -1, -2, -3, 

1-8. Coordinate System in Plane 

You have learned that a single coordinate can locate a point 

on a number line. Point P(-^) is i< units to the left of the origin. 

Does the method for locating a point on the line give you a way of 

telling how to locate the point if it is not on the number line? 

•S 

P 

-« " - " t »- — -< ■ I * — « — » - - t t • * I > 

-6 -5 -4 -3 ..-2 -1 0 1 2 3 4 5 6 

Point S is not on the number line. Could you say that the 
coordinate of S is (f3)? Why not?. Find the point on the number 
line with coordinate (+3). Is it the same point as point S? 

How many number coordinates determine point P on the number 
line? Will one number coordinate determine point S? No, you need 
more than one number to determine point S on the half plane above 
the number line. 

To help locate point S, draw a vertical number line perpen- 
dicular to the horizontal number and intersecting it at the origin. 
Use the same unit of measure for your scale on the vertical number 
line as you usjgd on the horizontal number line. Label both scales. 
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40 
9 

8 

7 
6 

5 
4 
3 
2 
1 
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• ■ ■ t I t t ' ■ • ■ » t ♦ ♦ ■ ■■ 4 i - 

1 2 3 4 5 6 7 S 9 ion 12 



-12-11 -10-9 -8 -7-6 -5-4 -3 -2 -1 



-1 
-2 
-3 
-4 

-5 

'7 
-8 
-9 
-10 



Let us agree to call the horizontal line the X-axis apd the 
vertical line the Y-axis to simplify talking about them. When we 
refer to both the X-axis and Y-axis, we will call them the axes 
(plural of axis). 

Now we can be a little more precise in locating point S. It 
lies in the half plane above the X-axis and in the half plane to 
the right of the Y-axis. 

To help us determine the coordinates of point S, draw a line 
segment from point S perpendicular to the X-axJLs. The niunber ' 
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WiOCiated with the point whei« it intersects the X-axis is called 
the x-coordinate of S. 



3- 



■5 



— ^- 
-4 



— I- 
-3 



— I- 
-2 



-1 



-V- 
-2- 
-3- 



Now draw a line perpendicular to the Y-axis from point S. 
' The number assoc5ated with the point where it intersects the Y-axis 
is called the y-coordinate of S. This system of coordinates is 
called a rectangular system of coordinates. Can you see why? 

Point S has an x-coordinate of (f3) and a y-coordinate of 
(+.2), which we write (^-3, 4-2) with the x-coordinate always written 
before the y- coordinate . 

Each point in the plane has a pair of numbers associated with 
it. The first number of the pair gives the x-coordinate of the 
pointy the second ! number gives the y-coordinate of the point. 
These numbers determine its position in the plane. 
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On a piece of squared paper draw the X-axis and the Y-axla, 

Choose a convenient length for 1 unit and use the same length to 
mark off a scale on both the axes. 



y 









i 




— r 


'(♦2f3) 










2 






— r 

» 


(♦3*2) 








V 














I 


0 
















— -1- 
















2' 

1 











Mark point (4.3, 4-2) on the half plane above the X-axis. Is 
this the same point {^2, +3)? How does it differ from (4-3, 4-2)? 
By interchanging the numbers in the number pair (3, 2), we get the 
number pair»<2, 3). . But the number pair (3, 2) is associated with 
the point S and (2, 3) is associated with the point T. 

Suppose you were giving a friend directions to a certain 
place in a city laid out in rectangular blocks. If you told him 
to go 3 blocks east and 2 blocks north, would this be the same as 
telling him to go 2 blocks east and 3 blocks north? Of course not. 
The numbers are the same, but the order in which they are given 
is quite different. The first set of instructions might be written 
(3 east, 2 north) and the second set (2 east, 3 north). As you 
can easily see,, these instructions lead to two completely different 

3 J 
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locations . Do you see why it is important to watch the order of 
a pair of number coordinates? 

If we interchange the numbers in a number pair, will" the 
points asaociateci with the number pair always be different points? 
Plot the point (-1, k). Label it. Now interchange this pair 
qf numbers to get {h, -1). Plot this point. Is it different from 
(-1, 4)? Can you think of any exceptions to this? How about 
the number pair (2, 2)? List a few ordered pairs which will give 
you the same point if their order is reversed. 

Given the follovjing ordered pairs of numbers, locate the" 
points in the plane associated with these pairs. 

{k, 1), (1, 0), (0, 1), (2, 4), (ii, k), (-1, -1), 
(-3, 3), (4, -3), (-5, 3), (0, -5), (-6, O) . Write the ordered 
pair of numbers beside the point. Locating and marking the point 
with respect, to the X-axis and the Y-axis is called plotting the 
points. 



■t 



6 

; --3 
■ Z 



"t 



-3 
-4 

^ 



-e 

-7 
-8 
-^9f 



1 i 
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Exercises I-8a 

i. On squared paper draw a pair of axes and label them. Plot 
the following points. To the right of each point place the 
coordinates in proper notation. Use the same pair of axes for 



all examples. 




la; ^o, -3; 


(^) (1, 1) 


(-7. -1) 


(6, -5) 


(-9, -7) 


(-3, -3) 


(5. -1) 


(4, -10) 


{-8, 1,0) 


(-9, -6) 


(0, 0) 


(-8. 0) 


(-1. -1) 


(0. -5) 


(t. 3) 


(-2, -5) 



2. What is the y-coordinate of any point on the X-axis? 

3, What is the x-coordinate of any point on the Y-axis? 
k. What are the coordinates of the origin? 

■ 5. Plot the points (-1, -l), (S, -1), (-1, 3) and (8, 3). 
Show that these points are the vertices of a rectangle. 
6. Plot the points (3, 6), (3, -6), (-3, 6) and (-3, -6). ^ 

What kind of figure is evident if these are the vertices? 
T. Three vertices of a rectangle are: (O, k) , (7, k) and (O, O) . 

■ 

# Pind the coordinates of the 4th vertex. 
8. Plot the following points: 

(0, 5), (3, 4), (4, 3), (5," 0), (4, -3), (3, -4), (0, -5), 
. (-3, -4), {|4,'^), (-5, 0), (-4, 3), (-3, 4). 
Do these points' appear to be on a circle? What is the center? 
What is the length of the radius? - 
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Did you notice^hat the half planes above and below the 
X-a|{is intersect the half platies to the fight and to the left of 
the Y-axis? These Intersection's are called quadrants and are 
numbered counter-clockwise with Quadrant I being the intersection 
of j^e half plane above the X-axis and the half plane to the 
right of the Y-axis. 




Points in the intersection set of these two half planes are 
in the first quadrant or Quadrant I. The intersection of the 
half plane above the X-axis and half plane to the left of the 
. Y-axis is Quadrant II Quadrant III is the intersection of the 
half plane below the X-axis and to tne left of the Y-axis. Quad- 
rant IV is the intersection of the half plane to the right of the 
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Y-axis and the half plane below the X-axis. ' ^ 

• ■»^. 

The numbers in 'order pairs may be positive, negative, or zero 
as you hp.ve noticed in the exercises. 'Both numbers of the pair 
may be positive, both numbers may be' negative, one may be positive, 
and one may be negative, one may be zero or both may be zero. 

Where are ail points for which both numbers in the ordered 
pair are positive? Will th^y be in the same quadrant? How can 
you tell? 

Where are all the points 'fo^ which both numbers of the order- 
ed pair are negative? Show ^h is by plotting some points. Can you 
predict with lOO^o accuracy in which quadrant the point lies if 
you know its x and y-coordinates? 

,Wha\; can you tell about the point (-^, .3)? In which quadrant 
is it? Is (3, in the same quadrant? Why not? 

Exercises l- 8b 

1. Given the following ordored^ pairs of numbers: Write the 

number of the quadrant in which you find the point represent- 
ing each of these ordereji pairs . 

Ordered Pai^ Quadrant 
(3, 5) " 

% ^^^^ 

(1, 

(-^, M , . Mr 

{-3, -1) • 

(8, 6) 

(7, -1) . 

(-3, -5) 
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2» Plot the above points, using a rectangular system of coordin- 
ates. Label each point with its coordinates. 
3. Plot the following points and connect them with line segments. 
What kind of figure is this? 

A{0, 5) B(-3, -2) C(3, -2) 
k. Plot these points, using a rectangular system of coordinates: 
(|, |), {- ^, 7), (0, |), (4, - |), (. |, - |) 

5. Write the ordered pairs associated with each of the following 
fifteen points. It is often desirable to number your scale 
by twos, threes, fives, etc., to save writing so many numbers 
on the scale. (See Figure on Page 37.) 

6. (a) Both numbers of the ordered pair of coordinates are 

positive. The point is in Quadrant . 

(b) Both numbers of the orde>::»ed pair of coordinates are 
negative. The point is in Quadrant . p 

(c) The x-poordinate is positive and the y-coordinate is 
negative. The point is in Quadrant . 

(d) The x-cooj?dinate is negative and the y-coordinate- is 
positive. The point is in Quadrant 
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UNIT 2 

« 

equations ' 

2-1. Finding the Unknown ' . 
Do you like mystery stories? Have you every imagined your- 
self to be a detective like Sherlock Holmes or Nancy Drev;? A 
mathematician often works like a detective, trying to solve a 
mystery, to find one or more unknown nunibers from certain clues. 

For example, I am trying to think of a certain rvuraber. Call 
it X (vie often use letters like "x", "y"* ^® stand for 

unknov.'n numbers). I give you the following clues 

X + 5 = 7, 

in words , 7 is 5 more than the unknown number. Can you detect 
v;hat the number is? You probably can,- 

Sometimes there is more than one unknown. Here is a series 
of k numbers: 

0, X, y, 300, 

(two unknown and two knovm), and each of the "inside" numbers 
is the average of its two neighbors. VJhat are the numbers? 
According to our clues 

0 + y , „ X -i- 300 
X » — ^— ^ and y » — ^ 

Can you tell what the unknown- numbers are? 

In both of these problems the clues V7ere number sentences . Eich 
clue was a statement about numbers, some known and some unknown. 
Since the verb. each of these sentences was the "equals" sign, 
v^e call auch number sentences eq uations , V.'e say that we are 
solving an equation , or £ system of equations , for the unknov?ns 
X, y, etc. , ' . 
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Equations are used In many ways in many different fields. 
V/e solve equations to find the currents in an electrical network 
v^hen vm ^irnow the voltages and the resistances. V/e solve equations 
in order to design airplanes or space ships. We solve equations 
^ in order to find out what is happening in a cancer cell. 

V/e also use equations to predict the v;eather. V/e now know 
methods for predicting tomorrow*s weather very accurately. The 
only trouble is that these methods require the solution of about 
a thousand equations with the sanje number of unknowns. Even 
with t)ie best of the modern high speed computers, it would take 
two v/eeks to compute the prediction of tomorrov.'*s vjeather. There- 
fore the meteorologists (look up this v;ord) make many approxima- 
tions. They simplify the equations in such a way that they can . 
compute the prediction in time. They will be able to make better 
predictions v;hen we knov/ more efficient ways to solve many equa- 
tions with many unknowns. 

Our progress in many fields of knowledge depends on finding 
better methods for solving equations. Many leading mathematicians 
are working on such problems. The National Bureau of Standards 
held tv.'o big conferences in 1953 and 195^ on new methods for 
solving equations. 

If you had only to solve one simple equation such as 
X + 7 * 9, you might do it by trial and error. If you had many 
such equations to solve, you would try to discover a method for 
solving them. You might even try to design a machine for carrying 
_ out your method. V/hen you can make a machine for solving all 
problems of a certain kind, then you can have the machine do the 
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routine work for you. You' then can reserve your brainT'or things 
which really require Intelligence, such as solving new problems. 
When- you finish this unit you should see that equation solving 
is not a lucky hit-or-miss activity which depends on trial and 
error. 

Exercise 2-1 

1 Bring in a book on one of the following subjects, which shows 
the use of equations. List at least two equations from the 
book. 

Physics, chemistry, biology, medicine, enj^ineering, economics, 
or psychology. * s ' 

2-2. Designing Computers 
Suppose that you are the designer in a company that makes 
computing machines. Your company has four basic machine parts 
or components, an adder, a subtracter, a multiplier, and a divider 
Each of these components can be thought of as a simple computer 
which can perform one of the elementary operations. You have to 
tell your technicians how to put these together to make more 
complicated machines. In your diagram you show how these parts 
or components are connected up. You do not bother to make a more 
detailed diagram to show, for instance, how an adder is 
constructed. 

' You can use a symbol like this: 
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for an adder. There are two places where numbers are put in. 
These numbers are naturally called Inputs, We have labeled the 
inputs with the letters x an y. in our diagram. Inside the circle 
we have written the symbol for what the component does. When 
, numbers are put in at x and y and the machine or component is 
set in operation, but comes the sum of the inputs. We call x + y 

o^^P^^ of the machine. You may think, of the lines in the 
diagram as representing wires along which signals arfe sent, or 
channels along vjhich messages are sent. The numbers may be fed 
in by typing th'jm on tape, or on punch cards. The outputs may be 
in similar form. This diagram shows a machine for adding x and 2. 




•X+2 



VJe have a constant input of 2 at one place. Whatever number x is 
put in at the other place, v/e get x + 2 as the output. If the 
input is 5, what is the output? If the output is -1, what must 
■the input be? 

Here are symbols for the other basic components: 




Notice In the subtracter and the divider which input 
placed above the other. 
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Let us hook these coinp<^ent8 up in different ways and see 
what we get. look at this diagram: 




'If the input is k, what is the output? 
Ve could make a table: 



Input 

X 




0 


6 


1 


9 


2 


12 


5 




8 




-1 


» 




18 

^5 
-6 



Pill in the empty spaces. For example, if x * 2, then the output 

of the adder is 2 + 2, which is ^ . The output of the adder 

is one of the inputs of the multiplier and the other input is 3. 
Do you see why the output is 12? 



4^ 
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^ .We can describe the operation of the above machine in a 
simple way. If the number x is the input, then the output of the 
adder is x + 2. When this number comes into the multiplier, 
together with the other input 3, the multiplier produces 
(x + 2)»3. We can summarize by saying that if the input 1b x, 
then the output is (x + 2) '3. Thus if x « 2, the output is 
(2 + 2)-3 - ^'3 =12. . . 

This machine might be part of a larger machine. We might 
not want to show all the details in designing the big machine. 
We might simply use a diagram like this 





(X-f a) • 3 




> = 





to show v/hat this machine does. 

Your company might manufacture the whole gadget as a unit. 
All the user sees is a box with a place for the input and a place 
for the output: 

> — 



The buyer would not see the mechanism: 




You might label the input with the letter x and the output with 
the expression (x + 2) '3, so that the user will know what comes 

I 

out if he puts in any number. 
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Exercises g-ga - - >^ 



Describe the outputs of the machines diagramed belov?: 




Notice that in machines (g), (i), (j), (k), and (1), and 
input X is transmitted along several channels. In this 
diagram if you put in 2, the number 2 comes out at all three 



x> ^ 

places v/here the arrows are. 

For each of the above machines, tell what the output is for 

each of the following inputs? x » 1, -2, 3, and 0. v:ill 
all these machines accept the input 0? 
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3. For each of the machines (a) through (j), tell what number 
must be put in if you wish to obtain the output 9. Can- 
■ all of them have the output 9? 

Suppose that you have to design a machine so that .for the 

input X the output is 1 ^ 

(2.x) - 3 

If X is the input, the machine must first multiply x by 2, 
subtract 3 from the result, and then divide 1 by that difference 
Here is a diagram for a machine -co do this job: 



1 




(2-X)-3 



If you want to compute 



you must transmit the input x along several channels: 



>0^ 




(300+4 
(2-X)-3 



We could describe the work that this machine does like this: 



(3'x) + H 
(2-x) - 3 



This shows that if you put the number x into the machine you get 
out the number on the right. For example, if you put in 7, you 
obtain 

(3*7) -^ ^' „ 21 -f . 25 
(2-7) - 3 " 1^1-3 " 11 
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Our basic coajponenta are four machines each with two inputs 
and one output. V/e can design machines with even more inputs:. 



'2-(X+Y) 




What is the output of this one? 




Try putting numbers into each of these machines, and see what 
you get. Do you notice anything? What is the reason for 
what you notice? 

. Notice that sometimes there was a constant input, an input 
which does not change. The machine diagrammed below has a 




constant output. What is the value for y? Does it make any 
difference what number x you put into it? 

Sometimes we have a variable input. We have been using 
letters like "x", "y", and "z", to indicate variables. In the 
machine for computing (x + 2) '3, the letter x can stand for any 
number. In each particular c_ase it is the name for a certain 
definite number, but v/e may vary this number from time to time. 
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Sometimes a variable is restricted. If d' is a length, then 
it cannot be a negative number. If n is an input to an ordinary 
adding machine, then n may only be a chanting .number from 1 to 
999f999. A computer may accept only inputs from a c'ertain set 
of possibilities. The set of all possible values for a variable 
is called the domain of the variable. If d is a l?ngfch then the 
domain'of the variable is the positive numbers. The domain of 
the input of an ordinary adding machine is the counting numbers 
from 1 to 999,999. 



Exercises 2- 2 b 

1. Design machines for each of the following^ jobs 
(a) X ^2 - X (e) x— 



(b) X- 

(c) ^ X. 

(d) X. 



■1 + 



(x + 1) 



2 

X - 1 



(f) X. 

(s) X. 
(h) X. 



x2 - 1 



(x - l).(x + 1) 
(x^ + l).x 

+ (2-x^) ^ + h 



In (g) and (h) you must be careful to pair the parentheses with 
each other properly, 

2, For each of the above machines, tell what the output is for 
the fpllowlng inputs: x = 0, 1, -2, and 10. Will all of 
these machines accept all of these inputs? 

3« Design machines for computing from-' the Inputs x ^nd y the 
numbers : ' 

(a) (x + y);(x - y) - (c) {x + y)^ , 



(b) 



2 2' 
x - y 



(d) (x^ + (2-x-y)) 



+ y 
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k» For , each of the machines in exercise 3, tell what the output 

i 

is when the inputs are the following pairs of numbers: 



3t 


1 . 


2 


10 


30 


y 


2 


1 


1 


- 5 



5. Khat is the domain of each of the following variables: 

(a) w « number of units of weight of a block of .wood 

(b) V = speedometer reading of an automobile 

(c) M « the amount rung up on a cash register, in cents 
• (d) T = number of units of temperature 

(e) p = number of people in a country 



2-3. Number Sentences 
Look at this sentence : 

Jimmy was at Camp Jolly all day yesterday. Is it true or 
false? Yoa may answer, "I don't know. VJhich Jimmy do you mean? 
I can't tell until I know who Jimmy is. " 

You may look at the records of the camp, and then reply, 
"It is true if you mean Jimmy' Mills of Denver or Jimmy Good of 
Baltimore or Jimmy Schultz of Cincinnati. It is false for any 
other Jimmy," 

Now think about this sentence: 

If Jiramy^was at Camp Jolly all day yesterday, then he was 
not at home at that time, Is^it true or false? You may very 
well say, "It is true, I don't have to know who Jimmy is." 

Now consider this sentence: 

X + 3 = 8 ^ 



Here "x" stands for some number, just as "Jimmy" stood for a boy 
In the previous discussion. Is this sentence true or false? You 
may answer "I don't icnow. I cannot tell until J know what number 
X is." • 

You may think a bit more and say, "If x = 5, then the sen- 
tence Is true. If X Is any other number, then it is false. 
Look at this one now: ' • 

X 4- 3 =* 3 + X 

Is this true or false? You may answer, "It is true, no matter' 

what. number x is, by the commutative property of addition." 

Sentences about numbers are called number sentences . In 

mathematical language, the most common verbs are " = " < ", 

and " :^ ". Here are three number sentences: 

3 = 2 + ^1 ^ 
3 < 2 + ^ ' 
3 > 2 + ^1 

Each one is either true or false. VJhich are true ^ and v;hich are 
false? 

Sentences v;ith the verb " = " are called equations and 
those with the verbs " <r " and " > " are called inequalities . 

Another type of number sentence is called a proportion , 
/i p-^oportlon ptptrp thpt t^-o ratios, or ouotientp, pre equal. 
Tom asks a number of students how they will vote in a school 
election. In order that his poll' should give him a good predic- 
tion, the ratio of boys to the size of his sample should be the 
same as the ratio of boys to the entire student population. If 
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there are 700 boys in a total of 1,500 students in the school and 

he has 30 students in his sample, then he sets up the proportion 

number, of boys in the sample _ 700 

30 • 1500 

How many boys should be In his sample? 

V'hen the ratio of pairs of quantities are equal, we say 

that the corresponding quantities are proportional . The amount 

that Sally earns as a baby sitter is proportional to the number 

of hours that she works. If she earns 2 dollars in 3 hours, 

hov; much v/111 she earn in 12 hours? We set up the proportion 

earnings in 12 hours 2 
12 " 3 ' 

Hov: much v;ill she earn in 12 hours? 

When you read a map, you often find a scale showing the 
ratio cf the actual distances to the distances on the map. If 
3 inches on the map correspond to 120 miles, then 7 Inches corre- 
sponds to hov.f many miles? Set up the proportion and solve the 
problem. 

Expressions like 2'+ 7 + x, .(-lC)/(2 - x) are number 
phrases. This first phrase is another name for 6. The true 
sentence 2 + ^' = 6 expresses the fact that 2 + is the same 
number as b. The second and third phrases are sometimes called 
open phrases, since v^e have not been told v/hat x is. Vie have 
left the matter open for further consideration. 

If X = 5, then 7 + x =» 12 and -10/(2 - x) = 10/3, 
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These open phrases describe the outputs of the machines 




-7+X 




-10 



2-X 



The phrase x + 7 descril)es the output of the first machine, 
whatever the number x may be. 

r^ook at this sentence: • - 



It states that the outputs are the same when a certain number x 

m 

is the input. V/e have not said that this sentence is true. VJe 
have merely proposed it for discussion. 

You cannot tell whether it is true until you know iirhat x 
is. The matter has been left open. The sentence is called, then 
an open sentence. 

You may work on the sentence for a while and then say, "The 
. sentence* is true if x - 3 or x ^ -8. It is false if x is any 
other number. The number? 3 and -8 are the solutions of the 
equation. If- we solve the equation, we obtain x « 3 or x = -8." 

You are not yet ready to solve equations as complicated as 
this one. You should be able to find the solutions of the 
equations in the following problems. 
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Exercises 2- 3a 
Solve'^he following equations for the unknown number: 



(a) X t 2 - 5 (i) 7 - s « 2 

(b) y.+ (-3) « 7 ' , (J) 7 - k « -2 

(c) 2 + 3 .= -7 , (k) ~i « -7 



(d) t + (-3) = -7 

(e) L 2 • u * 5 
*(f) (-2) V 7 



(1) =^"6 
{m) s - 7 = 2 
(n) k - 7 - -2 



'-"-'I (o) ^ = -7 

(h) {- |) . r = - I (p) . 6 

Write number sentences to describe the following situations: 

(a) Paul was 14 years old in 1958. In what year was he 
bom? - - ^ . ' • 

(b) I give you $5. You now have $13. How much did .you 
have? ^ 

(c) Vera is 3 times as tall as her baby brother Donald. 
She is 63 inches tall. How tall is he? 

(d) The Prairie Express travels at 8o miles per hour. How 
long does it take for a 500- mile trip? 

(e) Your mother had 2 "I quarts of milk in the refrigerator 

before breakfast. Afterwards she found that she had 
3 

•jr of a quart left. How much did she serve? 
*(f) The Grain^ Terminal had 100 toms of wheat. Some was sent 
to Buffalo, at a pi'ice of $90 a ton, and the rest was 
sent to .Seattle at a price" of $100 a ton. The total 
receipts were $^^ ^100, How much v/as sent to each place? 



3. 



In these problems use letters to\stand for the Unknown 
numbers. You may not Imow hov; to solve- all the equations, 

BRAINBUSTER, The Wizard of Laputa v;anted to knov; how 
many cows and hov; many chickens there vrere on a farm. 
First he counted -the number of animals and found that 
there were 100. Then he counted the number of feet 
and found that there vie re 350 altogether, Hov/ many 
animals of each kind v/ere there? 



We may think of rtumber sentences as related to .truth machines . 
For each mathematical verb v.'e can construct a component with , 
tv:o inputs and one output : - 
XI lY Xj 



> 

T 



If numbers x and y are fed into any of these components the output 
is one of the symbols T or F (for "true" or "false"), for the 
truth value of the sentences 



X = y, 



X < y, 



X 



respectively. Thus if x = 3 and 'y = the second component 
has the outnut T and the other tvjo produce the output F. 



The machine diagrammed below >X 

'^^^ 
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v;ill produce an output T or F whenever a number x is fed into ' 
the machine. The part on the left produces x + S and the part - ^; 
on the right computes 3 • x, Tne whole machine has the output 
T if the equation . 

x + 8 - 3 • x' 

• is true. Otherwise the output is P. Solving' the equati'^n 
means finding all numbers x for which the equation is true, 
that is, for which the' output of the machine is T. 

These numbers are called the solutions of the equation. 
The set of numbers is called the solution set of the number 
sentence (.or equation) 

X + 8 « 3 • x 
Find all the solutions of this equation. 

The solution set of the number sentence 

corresponding to the machine 




is the set of all numbers x between -2 and 2. "It is represented 
by the segment on the number line. 

-262 ^ 
from -2 to 2, not including the end-.points. 
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The solution set of the ziumber sentence 

(2 . x) > X + 1 . 
Is represented by the half- line x > 1: 



0 1 

Remember that a ha If- line does not include the end- point. 



Exercises 2- 3b 

1. V/hat are the solution set of the following number sentences? 



You 


may use the potation 


[3, 5. 11) 


as a name for the set 


v.'hose only members .are the numbers 


3, 5, and 11. 


(a) 


X -t- 2 « 7 


(1) 


2 • X < 10 


(b] 


1 2 X - 8 


Cm) 


x^.> 16 and x < 100 and 


(c] 


1 (2 • x) -f- 1 = 7 




X > 0 


{d] 


1 1 - 10 


(n) 


X • (1 - x) > 0 

(Hint: When is the prod- 


(e] 


1 x^ = 9 




uct of tv;o numbers greater 


(fl 


> x^ = 0 




than zero?) 

o 


(el 


\ x2 = .1- 


(o) 


X is an integer and x^ < 10 




1 x^- = 9 and x > 0 


(P) 


X is a positive Integer 
and x^ < 10 


(i' 


) X + 1 = 1 + X 


(q) 


X is a positive integer 


(J 


) X + 1 - X + 2 




1 5 
and - < 




) X • (x - 3) = 0 


(r) 


X is an integer and 

3 • X < 20 and it • x > 20 
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Som Properties of Equations 
Let us examine for a moment how one equation may be related 
fco other equations. This will help us in solving equations. 
Some of the properties of equations are so obvious that you may 
wonder why anyone would bother to mention them. When you see 
v-^hat these properties lead to, you will realize that you can 
obtain surprising consequences from a very obvious beginning. 
Suppose you feed a - 3 and b « 3 into the ".aquals" 



machine : 




What if the output, T or P? If you replace 3 by any other 
number, will you obtain the same output? Surely, because any 
other number equals itself: 

Property 1. If a is any number, then a * a. (Reflexive 
property). 

Suppose my Job Is to put in a and yours is to put in b. 
Suppose v.'e each put in a number, and the output is T. V/hat 
will happen if we exchange numbers, if you feed in my number and 
I put in yours ? 

Property 2 . If a and b are numbers and a « b, then 
b =» a. (Symmetrical property). 
If we read the equation 

2 • 3 « 6 

from left to right, it expresses the result of a multiplication 
problem. If we read the equation 

6*/ 
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from left to right, it expire sses the solution of a problem in 

f 

factoring. 

Property 3 : If a, b, and c are numbers, and a - b and 

b - c, then a « c. (Transitive property). 

20 10 5 
Consider the rational numbers -g- , and 

VJe first observe that 

^ « ^ (dividing the numberator and denomiator of ^ by 
and "T^ - "I (dividing numeratgr and denominator of by 2) 

but ^ - "I (dividing numerator and denominator of by ^!). 

Thus if ^-4r and 'i^-|, then ^ - |. 

V/e usually use these properties of the equality relation 
without even thinking about them. Often v;e use these properties 
in our roasoninc without mentioning them at all. 

Because of the transitive property of equality v?e often use 
the abbreviation 

a « b ■ c 

for the number sentence a * b and b - c. 

Similarly, the, following a « b = c = d means a « b and b « c 
and c » d. Sometimes v/e conbine equations and Inequalities: 

a - b < c 

in an abbreviation for a = b and b < c. Such abbreviations 
cannot lead to confusion because of properties like the transitive 
property. V?e do not use the abbreviation 



because if a > b and b < c, there is no order relation between 
a and c which is alvmys true. 

Let us go back to the situation where you and I viere operat- 
ing the "equals" machine together. I am in charge of the "a" - 
input and you are in charge of the "b" -input. Each of us puts 
in a number, and v;e obtain the output T, Then each of us adds 
5 to our original number, and feeds the sum into the machine. 
Vlhat Mill be the output nov/? Vfe can express the general principle 
like this: 

Property H . If a, b, and c are numbprs, and a - b, • 
then a + c ■ b + c. (Addition property for equations.) ' and 
c -i- a «■ c + b. 

Suppose that, instead of adding 5 to our original niimber, 
we had multiplied by 5. V.'hat vjould be the output then? VJe see 
that there is also a multiplication property for equations. 

Property 5, If a, b, and c are numbers, and a ■ b, then 
a • c - b • c and c • a » c • b (Multiplication property for 
equations.) 

Can you discover the subtraction and division properties 
for equations? Be careful I Remember that you cannot divide 
by zero. 

V/e can apply these properties to the solution of equations. 
Suppose we wish to solve the equation 

(2 . x) + 3 » 17. 
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VJe can apply the addition property (using 2 - -2): 

If (2 . x) + 3 « 17, then ((2 • x) + 3) 4- (-3) - 17 + (-3). 

On the left, v.'e use the associative property of addition and the 

fact that 3 4- (-3) » 0 and v/e obtain that if 

(2 . x) + 3 + (-3) • 17 + (-3), than 2 • x - l?l . 

Ue can nov; use the meaning of division: 

if 2 • X - 1^^ then x « . 

Ik 

Of course, anyone knov/s that * (VJl?at is it? You fill 

in the blank) , 

Thus we find that if 

(2 • x) + 3 » 17, 
then X ■ 7. 

V/e have proved that if x is a solution of the given equation, 
then X must be 7. VJe still don*t know that 7 i_s a solution. 
Let us see. 

If x"- 7, 

tiien (2 • x) 4- 3 - (2 • 7) + 3 

but (2 • 7) + 3 - 1^' + 3 

and 1^ + 3 - 17 

Therefore, if x » 7, 

then (2 • x) +3-17. 

Nov/ v/e knov; that 7 i_s a solution of the equation. Since v;e proved 
first that there can*t be any other, then 7 is the solution of 
the equation. 

First v/e proved a uniqueness statement, showing that there 
are no more than a certain number (actually l) of possibilities 
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for solutions. Then we oroved an existence statement, showing 
that a certain number Xs^ a solution. 

Shovr where, in the above reasoning, v;e used properties 1 to 
5. Notice that in several places we did several steps at once. 
V/hen you are learning for the first time how to solve equations, 
it is a oood idea to give the reason for each step. This helps 
you to avoid silly mistakes. 

You may wonder how v;t thoui^ht of adding (-3) in the first ,, 
step of solving the above equation. Ue thought, "Some number + 3 
» 17. To find the number v;e must undo the operation of adding 3. 
V.'e can accomplish this by adding -3." You may know another way 
to undo addition. Try to^ see whether you can solve the problem 
in another v;ay, 

C lass Exercise 2'H 
1. Indicate vjhich property, or 5, is used in solving the 
follov/ing equations. 

(a) v + 5 « 7 (h) 18 + q « 8.6 

(b) 6.2 + y = 1.12 (i) X + 6 =5 + 3 

(c) -2 + u - -10 (j) .08d « 73 

(d) ^ • X = 15 (k) 19 - 6 - y 

(e) 6 •= ^ (1) I . n - 15 + 

(f) li' - X = 0 (m) 1^5 • b « 1 

(g) i • m « 17 (n) I « 1 ■ 
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2, V/hat is done to the first equation to make the second? 
Example: (l) (2 • x) + 4 « 7. 

(2 • x) - 3, Number h with {^H) 



i 



(!•) 



(A) f • X 



(g) 



(a) (1) ? . (y + ^) - 8 

(2) y + « l! 

(b) (1) 1.6 = ^y 
■ (2) = y 

(2) 2 (m + 5) = 18 

(d) (1) -X = 5 

(2) X « -5 

(6) (1) (-1 • k) + 1 = 1 

(2) i • k= 0 



3. Use the properties as indicat' d on the input and output: 



10 

(2) 3 • X - 5 

- 26 

(2) 4 - (-20 • n) 

(h) (1) (.3 • m) - 7.2 - b 
(2) (3 • m) - 72 - 50 

(i) (1) • x) - 2 = 

(3 • x) + 6 
(2) (2 • x) - 2 - 6 



Example: 


5x - 7 - 2x 


No. 


k vjith 


(-2x) 


(a) y - 


2 = T 


' No. 


l\ with 


(2) 


(b) 3- 


(2 . y) = -5 


No. 


5 with 


(-1) 


(c) (2 . 


v;) + 7 » (5 • \:) + 1 


No. 


^ with 


(-2w) 


(d) 7 - 


(3 - w) + 1 


No. 


with 


(-1) 


(e) b - 


3 • V7 


No. 


i? with 




"U" 


1.7. - -1.3 


No. 


5 with 


(2) 




X 

iB 


No. 


r> witn 


(la) 
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No. 4 v!lth (3 • y) 
No, n with (2 • x) 

No. 5 with (x) 

No. t> v;ith (1) 



X. Solve the roilowing equations by using the. properties of the 
equality relation. Give your reason for^each step, 
(a) (2 . x) + i = Y (c) I - 3 « - 4 ' 



(b) y - 2 - b 


(3 


• x) - b « (2 • x) + 3 


Solve the following equations: 






(a) X + 3 = b 


tg) 


y - 3 «.b 


(b) 3 + y « 


M 


3 - u - - 5 ' 


{c) s (2 • v) + 3 « 5 


(1) 


(2 • w) - 3 « b 


(d) 3 + (2 • m) = -b 


IJ) 


3 -•(2 - s) - -b 


(e) (2 • w) + Y - (b • w) + 1 




(2 • t) - 11 = (b • t) + 1 


(f) lb + (2 • w) = (-t; . w; + 


1 (1) 


15- (b • w) "= (2 . w) + 1 . 



3. (a) Which of tho Properties 1 - b are also true of inequailltles? 
\ Replace ^he " »= " sign by the- " < " sign in each, and 
tell whether it is still true cr not. If It is not 
true, give examples with numbers in which it is false. 

(b) " In Prop.erties 1 to 3, replace the word "numbers" by 

"human beings" and the " - " sign by the phi^se "is the 
iather of". Whiclj of the resulting statements are true? 

(c) Do the same as in part (b) using the phrase "is the* 
ancestor of" in the place of the " « " sign. 



Cn) (2 . x) - (3 • y) » Y 
(i) y - 7 - (2 • x) 

(J) I - 3 

^k) x • y * 2 

Exercises 2-^ 



(e) 



?-5 

Do the same as in part (b), using the phrase "is the 
same person as or is an ancestor of"," 

Do the same as in part (b), using the phrase "is married 
to". ' 



2-5. Number Sentences with Two Inputs. Graphs. 
In the previous examples of number sentences, there was only 
one input. V/e could also have more than one input. Look at this 
sentence 



X -f 1 



y. 



A triith machine for this sentence would lo'ok like this 

Xl ,Y 




If X = 3 and y. « 5# is the sentence true or false? If x ="7, 
what must y be for the sentence to be true? If y = -6 what 
' must x be Ip^order that the sentence be true? 

The solutions of this equation- ar% pairs of numbers. Vie can 
make a table listing some of these pairs: 



0 



1 ' 



2 



y 



■0 



13 
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Before you continue reading, copy this table and work out the 
miss ins numbers. For example, to fill in the third line, set 
X « 2 in the above equation. Ask yourself, 'llhat are the 
possible values of y?" You must read the rest of this chapter 
v/ith pencil and paper handy. Do not go on to a new paragraph ' 
until you have answered all the questions in the paragraph you 
have Just read. In much of this chapter yoii v;ill need to use 
graph paper and a ririer, .too. 

We may say that the pair (O, 1) is a solution of the equation. 
This means that if x « 0 and y = i, then the equation is true. 
Notice that it makes a difference vJhich number is named first. 
The Rair (l, O) is not a solution since if x = 1 and y » 0„ 
then x+l»l+l=2 
and the equation - x + 1 = y 

is not trr.e. 

A pair in v/hich the objects are considered in a definite 
order is called an ordered pair. 

The ordered pair (2, 7) is the .same as the pair (x^, y) if 
X = 2 and y = 7, and only then. This pair i3 different from 
the , ordered ix-lr (7, 2). 

Tne solution set of the above sentence 

X + 1 = y 

is 'a 'set of ordered pairs cf numbers. For which number y is 
the ordered pair (2, y) in the solution set? 
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Picture the solution set on your graph paper. Pick out 
two lines for the x-axis and thg y-axis and draw them in heavily 
with your pencil. I^bel the vertical and horizontal lines as 
-shovm. 

iY 



•2 



-3 -2 - 



-1 
-2 
-3 



2 3 4 



Mark off on your graph paper all the points (0, l), (l, 2), etc. 
v/hose coordinates are in the solution set. V/hat do you notice 
about thera? They form a simple geometric figure. To vfhat set 
of points does the solution set correspond? This set of points 
is called the graph of the given number sentence, or equation. 
v:e are going to illustrate with the equation 



* Vfe first make a tabie of solution:' 
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0 

1 

2 

3 



y 



0 
■ 1 

3 
27 



can see that as x increases, y inc3?eases rapidly- 
What happens if x Is negative? 



X 


y 


-1 


1 


-2 


-8 


-3 


-27 



Do you notice anything? 

Let us plot these points on our graph paper: 



- — t r 

i f f 



.i_LJ ^ 



• ^ 3 

•' 4 



-U -4 -3 -8 -1 



1 a 9 4 li 



■i — 
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^ready the points (3, 27) and (-2,-27) are off our graph paper. 
But v:e can see that the ^raph is rising rapidly on the right. 
Hov/ do you tiiirik it coes on the left? The points (-1,-1) 
(O, 0) and (1, l) are mysterious. Is this part of the graph 
straitjht or curved? In order to see more clearly v:hat the graph 
looks like, let us use a macnifyinc class, let us draw this part 
of the ijraph v;ith a much bi'^c'er scale and find some more pairs 
In the solution set. 



X 


y 


1 


1 


.9 


.729 


.3 


.512 


.7 


.3^13 


.6 


.216 


.5 


.125 


h 

m 


" .06^' 


.3 


.027 


.2 


.CX)8 


.1 


.001 



125 (CHECK thene computations) 



y ■ ■ ; 
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-f I 



^4 



♦ • 



1 i 

t : 

) t 



:9 

I 

fi^— 



■r ^ 



1 
i 



! 



"1" 



1 i 



n 



-1 — - -t 



! I 1 



.7 



- r6 



— t 

! 



•* — ♦ — - 



) I 



f 

1 -1 



— f — 



1 - - r 



I 1 



i 1 ' 



:.4 
.3 



i 1 



-1— 



—■4 — 



1 ? 
^ 



.L 



Qj. 



! I 



n 



V/e sec that the graph is a continuous curve that looks like this: 




Just for practice, let us drav' the graph of the equation 



'X 
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Here' is a diagram of the truth machine for this number sentence: 




Pill in the blanks in the follovjing table: 



0 



0 

-n 



1.9 
2.1 

9 
-1 

Find five more solutions of the equation. Plot the points and 
sketch the s^aph, VJhere does this graph intersect the graph of- 
the equation x + 1 = y? VJhere does it intersect the graph of 
the equation y » x? 

Let us try another one. Just for fun. Bonnie has in her 
purse 3 dollars in dimes and quarters. V/hat possible combinations 
can she have? 

Let d be the number of dirties and q be the number of 
quarters,' Just as the value of 3 dimes is 10 • 3 cents, so 
the value of d dimes is 10 • d cents. Similarly, the value 
of q quarters is 25 • q cents. The total value of these coins 
is (10 • d) + (25 • q) cents, and this must be equal to 3 dollars. 



2-3 Tl 

But, v;ait a miniate i Me must make up our mind v/hether vie want to 
mea'sure our money in cents or dollars. Let us use cents through- 
out. Then. 3 dollars is 300 cents. Therefore the pair (d,q) is 
a solution of the equation 

(10 - d) + (25 » q) = 300. 
VJe must be careful, hov:over. This equation is not a 
completely correct translation of the real situation into'raathe- 
matical lan^uare. Bonnie cannot have twenty- seven and one-half 
dimes. The inputs of this problem must be non-negative integers. 
The number sentence v:hich reall^'' describes the situation is, d 

m 

and q are non-ne(5ativc integers and (10 • d) 4- (25 • q) = 300. 
T'ne solution set of this number sentence is made up of the 
follouinG 7 ordered pairs: 

(0, 12), (5, 10), (10, 8), (15, 6), (20, ^0, (25, 2), (30, O). 

The oiJ^aph of this number sentence consists of seven isolated 
points . ^ 

A chain store has 5 tons of coffee in its v;are}iouse in Nev; 
Orleans, It sends s tons to San Francisco and n tons to 
Nev-' - Xork. '.'hat are all the possibilities? 

The total amount sent is s + n tons. This cannot be more 
tiian there Is in the v;arehouse altogether. Therefore s and n 
are related by the Inequality 

s + n < 5» 

(Remember that the symbol " <^ " means "is equal to or less than,") 
But''(-1, G) Is a solution of this number sentence vrhich does not 
.fit the problem. Hov; can you send -1 tons of coffee any"i"here? 
The inputs s and n must be nop-nei;atlve . The correct 



/ 

erJc 
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mathematical description of the relation betv^een s and n is - 
the number sentence 

s 2 0 n 2 0 s + n ^ 5. 

Let us try s « 2 and find all the possible values for n. 
Since 2 + ,<L 5» " cannot be more than 3. But n cannot 

be necativc either. Therefore, 0 ^ n < 3 and it is easy to see 
that any number betvreen 0 and 3, the extreme is included, 
. (0 and 3 is Included) is a possible value for h. The points 
{d, n), v;ith 0 < n 3, form the segment from (2, O) to (2, 3) . 




Similarly we see that if x « 3, the solutions are represented by 
the segment from (3, O) to (3, 2). 

For any numter s between 0 and 5 the grectest possible 
value of n is 5 - s, and the least possible value is n «, 0 
The number n can have any value betv/een these extremes. The 
number s cannot be more than 5 and it cannot be necative. So 
the boundary of the sraph of the above n^amber sentence is part of 
the lines n - 5 - s, n » 0, and s » 0. The Graph of the number 
sentence is the triangular region enclosed by these lines, to- 
gether v.'ltli the boundary of the region. 
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Exercises 2-5 

Graph the following equations:* 

(a) y « X + 1 (h) X + y « 1 

(b) y - (2 • x) + 1 (i) X + y • -1 

(c) y - (3 . x) + 1 (J) I +^ « 1 



(d) y = (-2 . x) + 1 



(Ic) 4 - - 1 



3 _ 

^ - ^ ^ ^-^5. (m) y . (- I . X) + 3 

(i:) X + y = 0 

*Drav,' the following families of graphs on the same sheet of 
era ph 'paper: , . 

(a), (b), (c), Ca) (j)., (k) 

(a), (e), (f) (a), (h) 

(e), M, (i) (1), (m) 

Graph the follov.'ing equations;* 

(a) y = (e) y^ = x^ 

(b) y = x^. (f } X • y = 1 

(c) y « X (g) X • y « -1 

(d) y - - x^ (h) X • y - 0 

*Drav.' the follov/ing families of graphs on the same sheet of 
craph paper. 

(a), (b),- (a),(c)j (a),(d); (e), (f ), (s), (h) 

> 

Graph the follov;ing number sentences: 

(a) X +• y « 1 and x 0 and y ^ 0 

(b) X + y ^ 1 and x ^ 0 and y ^ 0 

(c) X + y w Lo and x and y are non-negative intecers, 

H:) 
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(d 
(e 
(f 

(g 

(h 
(1 

(j 
(k 

(1 



y » X v;hen x ^ 0 and y » -x when x < 0. 
y ■ X and y <[ 1. 

y « the larger of the numbers x + 1 and 2 - x. 
y a l(Hint: this is the same as y ■ 1 + (0 • x) 

X = 1. 

x^ = 0 

X = 0 and y « 0. 
+ y^ - 0. 



In the follovjlng number sentences the domain of the variable 
is the set of non-ncoatlve integers. List the solution sets, 
Uov.' many solutions does each of the sentences have? 

(a) X + y « 1 (g) X + 2y • 3 

(b) X + y «= 2 (h) X + 2y 



(c) X + y • 20 

(d) X + 2y « 0 

(e) X + 2y » 1 
(r) X + 2y « 2 



(i) X + 2y = 25 

(J) (5 • x) + (7 • y) = 35 

(k) (5 • x) + (7 • y) = 36 

(1) (5 • x) + (7 • y) - 37 



5. In tiie problem about the coffee, suppose that the v/arehouse 
must send at least one ton to San Francisco and 3 tons to Nev/ 
York in order to supply regular customers. VJrite a number sentence 
V7hlch describes the nev; situation completely. Graph this sentence. 

6. BRAB3BUSTER. Make a table shov/ins all the solutions, and the 
number of solutions, of the number sentence. 
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jt and y are non-negative Integers and (2 • x) + (3 • y) « n 

for n » 0, 1, 2', 3, etc. Here is the beginning of the table, 

n Solutions Number of Solutions 



0 


(0, 


0) 






1 


1 










0 


2 


(1, 


0) 






1 


3 


(0. 


1) 






1 


h 


(2, 


0) 






1 


5 


(1. 


1) 






1 




(3. 


0). 


(0. 


2) 


2 


y 


(2. 


1) 






1 


—3 


('1. 


0). 


(1. 


2) 


2 




(3, 


1). 


(0, 


.3) 


■ 2 


10 


(5. 


0). 


(2. 


2) 


2 



(a) Subtract from each number in the third column the one 
three lines above it. For example subtract from the 
number in the 3rd line the one in the 0th line, from the 
one in the 10th line the one in the 7th line, etc . 

; I 'hat did you notice about these differences? Do you 
I see any easy v/ay to continue the table? 

(b) For all tiie solutions in the n-th line compute x -f y. 
Call this number k. For instance, in the 10th line v;e 
obtain values of k the numbers 5+0=5 and 2 + 2 * ^ . 
VJhat do you notice about the values of k in each line? 
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I'lake a table showing the largest and smallest values 
of U In each line. Here is part of the table: 









o 


3 


2 


f 


3 


' 3 


8 


1^ 


3 


9 


li 


3 


10 


!5 





What is the law about the largest value of k? VJhat about the 
smallest value of k? Hov; are these values related to the 
number of solutions? Can you find th^ largest and smallest 
values of k when n - 100? VJhat is the number of solutions 
when n « 100? 

(d) Investigate the same problem for "ome number sentence, 
such as; x and y are non-negative integers and 
(3 • x). + • y) ^ n. 



2-6, Solving Families of Equations 

/ 

Solve the equations: / 

/ 

X + 2 = 3, 
X + 2 = 
X + 2 » 
X + 2 « 6, 

By now you must be getting bored. You may decide to invent a 
machine for solving all problems of this type.. 



/ 
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You could imagine that there is already a machine for 
computlnc x + 2: 




Someone feeds you the output y of thia^ma chine. You v/ant to 
knov/ v;bat the input x was. You v;ish to design a machine that 
v/orks on y and produces as its output the original input x. 

If y X + 2, v/hat do you have to do v/ith y to obtain x? 
Lo:>k at the above cases v/here y = 3, ^!^, 5$ and 6, respectively. 
U'hat must you do to undo adding 2? Can you make a machine which 
would operate on y and produce x? 

Solve the followinG equations for x: 

x + 7 = y 
X - 2 = y 
3 + X = y 
5 - X = y 

Check your solutions by choosing particular values for y, such 
as y * ^ or y « -2, and computing x. 
Now solve the equations: 

2 • X « 0, 
• 2 • X = 1, 

/ 2 • X » 2, 
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Vihat is the general principle? If y is knovm, how can you 
solve the equation 

2 • X « y 

for X? — ^ 

Design a machine for computing the input x from the ou 



y of the machine diagrammed belov; 

Solve the follov/ing equations for x 

3 • X « y, 
. X = y, 

I = y. 

3 

X • 3 = y 
Now try solving these equations: 

{2 • x) + 3 = 0, 
(2 • x) + 3 = ^, 
(2 • x) + 3 = 5, ■ , 
(2 • x) '+ 3 = 6. 
Can you solve this one for x: 

(2 - x) + 3 » y. 



Desicn a. machine for compuitinG the input x ^if you *are given the 
output y of this machine: . ' 




Exercises 2-6 



1. 



oolve 


the 


follov/lnc 


equations 


for 


x: 




(a) 


y = 


(2 • x) + 


1 


(h) 


y = 


(2 • x) + 5 


•(b) 




(2 • x) - 


3 




y = 


7 - (2 • x). 


(c) 


(2 


• x) + y = 


7 


i. 

(J) 


(2 


• x) = 7 -• y 


(d) 


(2 


• x) + (3 ■ 


■ y) = 7 ■ 


(k) 


■ (2 


• x) - (3 • ; 


(e) 


y 


x 
2 




(1) 


y = 


X - 1 
2 


(f) 


y 


2 

X 




(m) 


y = 


^- 3 

X 


(o) 




y = 2 




(n) 


X • 


(y + 3) - 2 



y) = 7 



2. For each part in Problem 1, design a machine for computinc 
X if the number y is given. 

* 

3. (a) If the input to' the machine in Ficure 2-5 is x - - 3, 

v;hat is the output? Solve the equation 

(2 • x) + 3 » y. ♦ 
(b) Solve the number sentence: 
""y =i (2 • x) 4- 3 and y « x. 
' Solve the number sentence: 

y « (2 • x) - 3 and y x 



/ 
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(d) Solve, the number- sentence; 

y - (2 • x) - 3 and y « x + 1, 

(e) Graph' the equations 
y - (2 • x) - 3 

and 

y « x + 1. 

Locate the solution of part (d) on your graph. V/hat 
^ do you notice? 
h. BRAIICBUTTER, Solve the equation: x - i • (x +4)- 



/ 

/ 



/ 

/ 
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' UNIT 3 

SCIENTIFIC N 0 T A T ION, APPLICATIONS 

— ^ I I - I I 1 ■ ^ ' ■ ■ ■ II II [ I ■ ■! ■ II II ■ 

0 F PER CENT 
3-1. I^arge Numbers 

Harry, Edward and Edward's younger brother, Tim, were 
playing a game, showing off how much they knew about numbers. 
Harry started it by boasting "1 know more numbers* than you do." 
Of course, Edward responded with "I'll bet you don't", and 
little Tim, wanting to continue to enjoy their company, said ■ 
nothing at all. So Harry started with "a hundred" and Edward • 
came back with '*a thousand is more than a hundred". Harry gained 
the advantage with "one million" and Edward, after some thought, 
remembered "one billion" (he had heard it in connection with 
the national debt). That was as far as they could go arid Edward 
was just about to declare himself the victor when little Tim • 
spoke up with "one more than one billion". For this the older- 
boys pounced on hira and s^nt hitn home. But after Tim had gone, 
they spent the rest of a warm summer afternoon (the fish were 
not biting) arguing about it. Do you think Tim v;as right? If 
you had been there would you have won the game? How? / 

Actually we have names for larger groups of numbers than 
one billion, such as trillion and quadrillion. Consider the 
numeral 

3141592653589793, 
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It is hard to read such a number ,v/ritten in this form. One 
common way to make it easier to ^read is to, place a comma to the 
left of every third digit counting from the right ?.g follows: 

3, 1^1'>592, 653,589,793. 
Though we put the commas in from right^to left, we read the" number 
from left to right according to the following diagram: 



S ^ = 

•o c o q 

•H o -H n5 

r-| <H (H 03 

C <H H rH 3 

O "H iH -H O 



CO "O X3 Xi 



03 



3 S> p <D <U 

°^ £ s ^ ^ ^ 

•a T5 TJ ta 63 

o S^5:J Sc<u ccQ qco 

S ^ 20^5 ^'gJc 3a;c 

o x:+Jo x:+>o ^^4^0 x:+>o ^4Jo 

3, 1^1,592, 653,589,793 

' Thus we read this number as follows: three quadrillion, 
one hundred forty-one trillion, five hundred ninety-two billion, 
six. hundred fifty- three million, f'ive hundred eighty- nine 
thbusand, seven hundred ninety- three. In reading such a numb;5r 
we have to be careful not to use the word "and". We can see the 
reason for this if we consider \rhat might be meant by "five 
hundred and ninety- three thousand". VJe associate the word "and" 
with addition and would write this in numerals: 500 plus 93,000, 
which is equal to 93,500. But five hundred nine- three thousand 
vjould 593,000, which is a much larger number. Omitting the 
'"and" avoids misunderstanding. V/e usually use the "and" to mark 
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» _ * 

. the . decimal point, e.g., 563.12 is read "five hundred sixty- 

4 

three and tv;elve hundredths". 

You may not know that the British have a different way 
of denoting large numbers. Their v/ords "thousand" and "million" 
mean the same as ours but their "billion" means v/hat v;e would 
call "a million millions" or "one trillion". They v.'ould call 
the above numeral the follow ing: . . \ 

Three thousand one hundred forty-one billion, 

"five hundred ninety- tv;o thousand six hundred fifty- three million, 

five hundred eichty-nine thousand, 

seven hundred n inety- three . 
Do you see any advantaces in the British system? Any disadvantages? 

Actually such numbers as these seldom occur. This does not 
mean that numbers of this size do not happen but merely that we 
do not know any number v/hich is as accurate as this would seem to 
indicate. The population of a city of over a million inliabitants 
mJght be Given as 1,576, 96x but this Just happened to be the sum 
of the various, numbers compiled by the census takers. Hov/ever, 
it is c^tain thai the number changed v;hile the census was - being 
taken and that 1,577,000 v;oi. .d : e accurate to within one person 
in a thousand — Just as accurate proportionately as if a man had 
made an error of 1 in counting the population of a town of lOOO 
persons. For this, reason there is no harm inVoundlng the 
original number to 1,577,000, In fact, for m|^st purposes, v:e 
v/ouid merely say that the populatlot. of the city is "about one 
and one-half million, v/hich could be written: 

1,500,000. 

^0 
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There are other ways 'writing this number which have some 

•S 

advantages over this one. A hint of hov; this can be done is 
given by our statement "one and one-half million". Now one 
million can be written: 1,000,000. Also it is 

10 X 10 X 10 X 10 X 10 X 10, 
that is, the product of six tens. So v;e can virite 

1,000,000 = 10°, 
The "exponent" 6 counts the number of tens in the product, VJe 
could also get it by counting the number of zeros in the numeral 
1,000,000, (Similarly one billion could be written 10^. Why? 
Just as one million is the sixth povrer of ten, so one billion is 
the ninth pov/er of ten. Hov; could one trillion be vjritten as a 
power of ten?) 

Then tvjo million is tvjo times one million and could be v;ritten 

2 K lO"" 
Eleven million is 11 x \qP , 

One and one-half million is 1 4 X- 10^ or 1.5 x lO", 

c 



This form of vritln^ numbers is called "scientific notation". 

To take another example, consider the distance from the earth 
to<the Gun. You knpv." that it varies according to the time of the 
year since the earth does not travel 'in a circular path; but the 
average distance has been calculated to be about 93,00^J,000 miles. 
It can vary by about 3*/*^ That is, at any time the distance could 
be 1 -i*/. more or 1 i % less. Now 1 ^% of 93,00^1,00 is about one 
million (see Problem ^ belovi); that is, the distance can vary from 
93#0O^!,000 by more than a .million miles in either direction. 
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Hence there is no great loss in accuracy if we say that the 
distance froB the earth to the sun is about 93 million miles. VJe 
could vjrite this 93 x 10*^. Since 93 x 10^ = 9.3 x 10 x 10^ 
this number could also be vjritten: 

9.3 >^ 10^ 

This^s another example of "scientific rjotation". 

Definition . A number is expressed jin scientific notation 
if it i^ written as a product of a number betv;een 1 and 10 and 
the appropriate pov.'er of 10. 
Some examples are : 

900,000 = 9 X lO-" 70 = 7 X 10^ = 7 x 10 

J, 000, 000, 000, 000 = 3 X 10-^2 7800 = 7.8 X 10-^ 

193,000 = 1.93 X 10^ 3h^Y = 3.^57 x 10^ 

Of course there v/ould be no harm in vjritins 193,000 as 

1.930 X 10^ or 1.9300 x 10^, 
Althoujii there arc situations in v:hich this uould be done, we 
shall not do it in this unit. Notice that each is in- scientific 
notation, since the members of the product dre a power of ten 
and a number bet\-.'een 1 and 10, 

Exercises 3-1 
1. V.'rite the follov.'in^/'l'n scientific notation: 

(a) ^ 67§,000. (d) 73,000 

(b) 9,000,000,000. (e) ^'59,000,000. 
Jc) 5,000. . (f) 781 X 10*^ 
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2. lirite each of the follov.»ing in a Torm which does not use 
scientific notation: 

(a) 2.2 X 10^'' (b) 5.897 x 10^ (c) 7,32^i x 10^ 

3. V.'rite, or say, in v;ords each of the numbers of the last two 
exercises. 

4. Wiiat Id l-i*/o of 93,001;, 00? 

3. Us In,' .just tvro 9*s can you v.'rite a number larcer than 99? 
u. Write tne lari:est nu.nber you can usin£; just three 9*s. 
Estimate hovj larij^e it is. 

3-2.. CalculatinL; v.'ith Larce Numbers 
Hot only Is scientific notation shorter in many cases but 
it makes certairi. calculations easier, v;e shall start vjith some 
rather simple ones. Suppose vie viant to find the value of the 
product: 100,000 x 1, 000,00,0. Since the first member is the 
product of five tens and the second of six tens v/e have 

100,000 = 10^ ' and 1,000,000 = lo". 

Then, since the product of five tens and the product of six tens 

i 

is eleven tens, vjg have - , 

10^ X 10^ = lo-^-^. i 

I 

This is one hundred billion but it is simpler t<^. leave it in the 

11 ' 
form 10 than to v.'rite a 1 follov:ed by eleven zeros. Notice 

that vje merely add the exponents. Similarly, 

Suppose v.'e v:lsh to find the product of 93,000,000 and 11,000. 

In scientific notation this viould be 
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9.3 X 10^ X 1.1 X 10^ 
« 9.3 X 1.1. X lo'^ X 10^ 
- 10.23 X 10^-^ 
« 1.023 X 10^^. 

Can you find another way to use powers or ten in such a product 
without quite using scientific notation? Do you think it is 
simpler than the one v/e used? 

Now consider a more difficult example. Distances to the 
stars are usually measured in "light years", where a light year 
is the distance light travels in a year. This is a good ivay to 
measure such distances because if vie expressed them in miles the 
numbers would be so large that it v/ould be difficult to write 
them, much less understand Vihat they mean. But suppose v/e' v;ish 
to estimate about how many miles a light year is. Now, the speed 
of light has been determined to be about 186,28^ miles per second. 
(Since the distance around the earth at the equator is about 
25,000 miles, and since electricity has the same speed as light, 
can you calculate how many times around the earth electricity 
could travel in a second? See Problem ^! below.) Thus, in order 
to find the number of miles in a light year, v;e must first find 
the number of seconds in a year. Then if we multiply thjs 
number by 186,284, we will have the number of miles in a light 
year. 

The niynber of seconds in a year is approximately: 
^ 60 X 60 X 24 X 365 = 3600 x 87 60. 
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In saientific notation this is 

3.6 X 10^ X B.76 X 10^ 
- 3.6 X 8,76 X 10^ X iO^ 
» 31.536 X 10^ 
« 31,535,000. 
This is approximately 32 million, v/hich is 

3.2 X 10^ 

in scientific notation. (Why is 31,536,000 not exactly the 
number of seconds in a year?), 

Uo\: if vie take the speed of light to be approximately 
200,000 miles per second, then the number of miles in a llcht 
year vjill be approximately the product: 

g X 10^ X 3.2 X 10*^ - 6.4 X 10^^, 
Thus there are almost six and a half quadrillion miles in a 
light year. No wonder distances to the stars are expressed in 
light years instead of mi3.es! But we shall see that this 
number Is very small compared to the number of atoms it takes to 
VfeiG^ an dunce. 

Exercises 3-2 

1. Usins scientific notation, find each of the following products 
and express your ansv/er in scientific notation: 

(a) 9,000,000,000 X 70,000 

(b) 9,300,000 X 72,000 

(c) 125 X 17,300,000,000 



Using estimate we made above for the number of seconds in 
a year and the fact that sound travels about one-fifth of a \ 
mile a second, find approximately the number of miles which 
v;ould be travelled by a space ship in a year if it travels 
at five times the saeed of sound. 

Suppose on a hike you cover three feet at each step. Hovj 
many miles, approxiinately, could you cover in one million 
steps? 

Using the ficures t^lven above find approximately how many 
times electricity could travel around the earth at the equator 
in one second. 

Suppose you. had the task of making a million marks on paper 
and you made two marks in a second. About hov: many hours 
\,-ould it take you to accomplish the task? 
In the latter part of the 19th century, travelers in the 
v;e3tern part of the United States traveled by covered wagon 
or stagecoach. Mail ivas sent by Pony Express. A good day's 
journey in a covered imgon vjas about 20 miles. At this rate 
about ho\: long would it take to trave'' from New York to San 
Francisco, a distance of about 3000 miles? 
Under cood conditions stacecoacnes could average around 60 
miles per day. About hov/ many ^days would you have to travel 
in a stacecoach to make the trip from San Francisco to New 
York? ' . 

By cha'ncins horses every ten miles and changlnc; riders every 
30 miles, the Poney Express averaged about 25P miles per day. 
How long approximately would it take it to make the trip above? 
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9. At the rate of one dollar per second, "about how many days would 
It take to spend a billion dollars? 

10. Ho^^f many B-hour days v;ould it take to count -a billion dollars 

at the rate of one dollar per second? Hov; many years? 

* 

11. A commuter pays 20t per day for his fare on the subway. About 
ho^^f many days must he travel to spend a million cents? 

12. Have a million days passed since the year 1? About hovj many 
years are there in a million days? 

13. About how many seconds does it take for the light from the 
sun to reach the earth? Hovi- many hours? 

Ik, The earth *s speed in Its orbit around the sun is a little 
less than seventy thousand miles per hour. About how far 
does the earth travel in its yearly Journey around the sun? 

15* Approximately how long v;ould it take the space ship described 
in Problem 2 to reach the sun? 

"^6* Approximately how many years wouid it take the space ship 
described in Problem 2 to reach the nearest star four light 
years av/ay? 

3-3. Smaii Nuraoers ^ 
Some-Dimes we have to deal v/ith very small numbers. For 
these, too, scientific notation is useful. Cne small number is 
O.OOOOOi, whicn v/e read as "one millionth". This can be written 
as a pov;er of the one- tenth. To see this, make a table of the 
powers of on$- tenth: 
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(O.i)^ « 0.1; (O.i) X (0.1) - (O.l)^ - O.Ol 
(0.1) X (0.1) X (0.1) « (0.1)^ « 0.001 
(0.1\ X (0.1) X (0.1) X (0.1) « (0.1)^ . O.OOOl 
(0.1) X (0.1) X (0.1) X (0,1) X (0.1) « (0.1)5 « 

0.00001 

(0.1) X (0.1) X (0.1) X (0.1) X (0.1) X (O.l) - 

(0.1)^ « 0.000001 
Here the exponent indicates the number of times 0.1 occurs in 
the product. Notice that it is not the number of zeros after 
the decimal point but Is 1 more than this number. 

We know that another way to write 0.1 Is ~ and thus 

^ 1 1 

10 X 10 X 10 X 10 X 10 X 10 " ~S 

A simpler way to write is 10"" with a negative integer 

10° 

as an exponent. That is, we use the negative exponent to 
indicate that 1 is divided oy the product of six tens. Sim4:^arly, 
1 divided by the product of nine tens would be written 10**^. 
Furthermore, 1 divided by the product of four 5*s would be written 
5 . Just to show how this goes we make the following table of 
powers of tens 

10^ 10^ 10^ 10^ 10-^ 10^ 10"^ 10'^ 10""^ 10"^^ 

100,000 10,000 1,000 100 10 1 0.1 0.01 0.001 0.0001 
Where in each case the power of 10 occurs immediately above the 
number it represents. There is one entry that needs special 
comment. In order to make the exponents the integers in order. 
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o o 
we define 10 to be 1. In fact, it is convenient to define 2 

to be 1; any number, except zero, raised to the zero povrer we 

define to be l; 

• Now hovi could v;e v;rite '0.0009 in scientific notation? 

It is 9 X 0.0001, that is 9 x 10 . Here are some other small - 

numbers written in scientific notations; 

3.00000ii = 4 X io"^ 

0.000056 = 5.6 X 10"^ 

0.0123^ = 1.234 X 10"^ 

0.123^5 = 1.23^5 X 10*-^. 

The numbers we have written above are large compared to 

0,000000000000000000000027 = 2.7 X 10"^^ 

which Is the approxiinate vieight in grams of one atom of oxygen. 

Here the advantage of the scientific notation Is moSt apparent. 

Just as v;e used the scientific notation Ho multiply large 

numbers, so vre can use It for products of small numbers. Suppose 

we v;ant to multiply 

0.0000057 X 0'. 0000000896. 

In scientific notation this Is- 

5.7 X 10"'^ X 3.96 X 10'^ 

» 5.7 X 3.96 X 10"^ X 10'^ 

« 51.072 X 10 

- 5.1072 X 10"^^ 
v;e can check this by the usual rule for pointing of f . a 
product. To do this we count the number of places to the right 
of the decimal point in 0.0000057, which is 7 J this checks with 
the fact that the number of places to the' right of the decimal 
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point in XO"^ is 6, the number of places to the right of the 
decimal point in 5. '7 is 1 and 6+1=7, Similarly the number 
of places to the right of the decimal point in 0,0000000896 is 
•by either calculation 10 and 10 + 7 « 17 v;hich is equal to 

+ 13, the number of places to the right of the decimal point in 

5.1072 X 10"-^^. 
In fact, v/e can use pov/ers of ten to explain the rule for 
muitiplyinc decimals. Suppose v;e are to find the product of 
2'! 3. 5 and 0.002. Then first v,'e take the product as if no decimal 
points vjere present, getting 4870. Then we notice that the first 
member of the product has one place to the right of the decimal 
point and the second member has three places to the right of the 
decimal point, • Thus, by our rule, since 1 + 3 « our ansvjer 
has four places to the right of the decimal point and must be 
v/rltten: 0.ii870. The rule is: 

To find the number of places to the right of the decimal 
point in the product of two decimals, add the number of places 
to the right of the decimal point in the tvjo factors of the 
product. 

To see why this v/orks in terms of the example given v;e can 
write 2^3.5 as 2^^ 35 x IC"-^ vjhlch is one way of show:^ng that 1 
is the number of places to the right of the decimal point in 
2^*3.5; and writing 0.002 as 2 x lO"*^ v/hlch shovrs that 3 -is the 
number of places to the right of the decimal point in 0.002. 

* 

Then 

2^3.5 X 0,002 - 2^35 x lO"*"^ x 2 X 10'^ 
« 2435 X 2 X 10'-^ X 10""^ « 4870 x 10"^ « 0,^*870 

'Of; 
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Since (-1) + (-3) « we have the h which gives the number of 
places to the right of the decimal point in the product. It is 
not hard to see from this example that the rule vfould hold no 
matter v.'hat numbers we had in the product. 

Exerc ises 3-3 

1, VJrite each of the follovring as a power of 10. 

(a) 0.001 (c) 0.00001 

(b) 1,000,000,000 (d) O.OOOOOOOOOOl 

2, v;rite each of the follov/ing v;ithout using exponents: 

(a) 2^ (c) 2-3 (e) 2^ (g) (-1)^^ 

(b) 5-3 (d) 2-^° (f) 5° 

3, VJrite each of the following in scientific notation: 

(a) 0,093 (c) 0..157 

(b) 0.0000786 (d) 123.56 

h. Using scientific notation find the product of each of the 
following: 

(a) 0.001 X 0.057 

(b) 0.00123 X t. 00000002 ^! 

(c) 0.0000^^56 X 0.00000012 

(d) 1,000,000 X 0.00001 

5. As in the text above for 2^3.5 and 0.002, show that the 
rule for placing the decimal point in a porduct holds for 

A'56.7 X 0.12 
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3-^1. Products of larse and Small Numbers 
Scientific notation is also useful in findinc products of 
large and small numbers. Suppose vre start v:ith a simple one: 
10,000,000 X 6.00001. These are pov/ers of ten and v/e can v/rite 
the product in the form 

lo'^ X 10'^. 
Since 10"^ « -Lr it follov.-s that 



^0 7 < in''' 

lo'^ X 10"5 ^0 



10 

In the numerator of the fraction v/e have a product of seven tens 
and in the denominator a product of five tens. So it can be 
written 

ioxioxi2xi2v2£vi2yi2 

lOXlOX^X — X^X^X^. 

But =^ 1 and hence the product is equal to 

lOxlOxlxlxlxlx, 1 
which is 10^, If the product had been 10^ x 10"^ the ansv/er 
would have been IC » 1000. So in these cases: 

lO'' X 10"^ a 10^; 10^ X lO'*^ « 10^ 

In a similar fashion v;e would find that 

lO^'i X 10"^ - 10*^. 
A quicker v;ay to get the 7 v;ould be to add the exponents on the 
left: 16 + (-9) « 7. This, you recall, is what we did earlier 
for positive exponents, e.g., 10^ x 10^ - Ip"'"^. What would 

-7 \ 

be the ansvjer for 10 ' x 10 ? 
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Now consider anotlier product that Is a little more difficult 
6,000,000 X 0.000023. In scientific notation this is 

6 X 10^ X 2,3 X 10"^ = 6 X 2.3 x 10^ x 10"^ . 
13.3 X 10-^ = 138 or, in scientific notation 
- 1.38 X 10^, 

If v;e had the product 6,000 x 0,0000023,' it vrould be 

6 X 10*^ X 2.3 X 10"^ • 13,8 X 10"^ 

» 1.38 X 10"^ - 0.0138. 

Suppose v.^e use v;hat vie have learned to get some idea of 

hov; small the v/eight in srams of an atom of oxygen really is. 

Vie v.'jTote It as 2.7 X 10 but this really does not Give us tnuch 

idea of it is size. Here is one calculation that v/ill help: there 
1 

are about 2^ billion people on earth. Suppose each person's 
v;ei£iht v/ere equal to that of one trillion atoms. Then the combined 
vjeight of these 2^ billion persons V70uld be 

2.5 X 2.7 X 10'^^ X 10^ X 10-^^ = 2.5 X 2.7 X 10"^^ x 10^"^ 
« 2.5 X 2.7 X lO'^ =a 0.067 grams, approximately. 

Thus the combined weight of one billion such ^people v;ould be 

0. 027 grams, which is much less than the v.'elght of one drop of 
v^ater, (One cup of water vjeighs about 250 grams). 

Exercises 3-^ 

1, Find the values of the follov;ins products? 

(a) 10^^ X 10""^ X 10-^5 

(b) ' 10^? X 10"'^ X 10"^ 
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"2. Uslnc scientific notation find the values of the follo^\*lns: 

(a) 2,000 X 0.0013 

(b) 23,000 j< 0.0002^'r 

(c) 2,000,000 X O.OOOOOOOOOOlil 

3. Multiply 3.1^1,592,653,589,793, the nxamber given in the 
first section, by 10 The ansv/er is ir to the first 

fifteen decimal places. 

h. A gram is the v/eight of a cubic centimeter of water under 
certain physicial conditions. (A centimeter is about two- 
fifths of an inch). About what fraction of a cubic centimeter 
of v/ater vrill weigh 0,03 grams? 

5. A star is one billion light years from the earth. How would 
the number of miles this star is from the earth compare 
vrlth the number of oxygen atoms it takes to weigh one gram? 

3-5. Percent 

You have already had some acquaintance with percent. You 
knov;, for Instance, that "percent" means "hundredths", that is, 
15 percent, v/ritten 15*V» is 

or 15 X = 0,15, and 

If you knov; hovj to work with decimals, the only hew thing about 
percent is translating percents into decimals and decimals into 
percents. 

hj4 
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Suppose vje consider a fev/ problems involvii^g percent. 
If a city's population increases from 10,000 to 10,500 in a 
year, it vJill have Increased by 500 people, Nov: the increase of 
500 people is not especially Important by itself, but vjhat is 
more important is the ratio of the increase to the population, 
that is, the fraction 

500 
10,000 

v:hich As equal to 0.05 or five hundredths. Since one hundredth . 

is the same as one percent, vre could also say that the population 

had increased by five percent, v/ritten g7«. If the population of 

the city viere 1,000 Instead of 10,000 and the Increase were still 

500 persons, ic v/ould have increased by 50% since =» 0.50. 

If the population of the city v;ere 100,000 instead of 10,000 

and if the increase v/ere st-ill 500 persons, the ratio of increase 

would be « 0.005 vrhich is 0.5%or one-half of one percent 

The most startling increase v?as for the tovm of 1,000 persons, 

since there the ratio or percent of increase vias the largest. 

Suppose the population of a certain tovm v/as 1000 in January 

of 1957, its population increased during; that year and 5% 

durln^i the year be{;innin|i; January 1953, VJhat vias its population 

at the end of 1953? To answer this, first notice that the first 

year its population increased by ^^%^ that is, by 0,0^' x 1000 « 

40 persons. Hence its population at the end of the first year 

was lO^^O, Ti^en it increased by 5% the foll9^/lng year, that is 

by 0,05 X 10^0 « 52. Thus its population at the end of the two 

years v;as 10^0 + 52, that is IO92. This means that its ratio of 

op 

gain over the two years was « O.092, which is 9.Tt^ 



The interest vJhich a bank gives foV savinss accounts Is 
also stated in terms of percent. If the bank pays 3*/o interest 
oer year, the interest on $100 for one year be 3% of $100. 

That Is, the number of dollars you v^ill receive as interest at 
the end of the year will be 0.03 x 100 - 3. And if you "dravj out 
your money plus interest at the end of the year you v/ill liave 
$103. But if you leave your money in the savings account, the * 
second yt^ar you will not only j^et interest for one year on the 
hundred dollars you originally deposited but also interest on the 
$3 v;hicli you got in interest at the end of the first year. Hence 
the interest v.'hich your money v;ill earn the second year will be 

0.03 X 103 = 3.09 
and the tgtal amount vrhich you can withdraw at the end of two 
years vjould be 

$103 + $3.09 =* $106.09. 

Interest on interest computed in this fashion is called "compound 
interest". 

Suppose Me look at this another way. To get the amount at 
the end of the first year including interest v/e have 

100 -f 0.03 X 100 = 100(1 + 0,03) « 100(1.03). 
Thus, at three percent interest, v/e can find the amount at the 
end of a year by multiplying the amount at the beginning of that 
year by 1.03. Hence in order to get the amount at the end of the 
second year ue multiply the 100(1,03), which v;e have at the begin- 
nin(i of the second year, by 1,03 to i^et 

100(1.03) X (1.03). 



A Shorter v/ay of v.'ritinc this would be 100(l.03) . If- you . 
multiply this out you will get 106.09 eis before. 

notice tiiat v.'e could also have used this system for computing 
the population of the city in the previous example after an increase 
of H% , that is, 

1000 X 1.0k = 10150, 
and tlio population at the end of the tv/o years v/ould toe 

1000 X 1.0^{ X 1.05. 

Exercises 3»5 

1. lixpress the foll^v.inc decimals as percents : 

0.12, 0.03, 1.53, 0.002 

2. Itxpress the follov/lns percents as decimals: 

15"/"^ 163% 15.2"/*^ 0.2% 

3. A city of 1,000,000 population Gains 50,000 in a year. IJhat 
Is Its percent of increase? 

. If a bank pays ^% interest and you put $1^0 in at the begin- 
ning of the year, hov; much can you dra\s' out at the end? 

5. A vacuum cleaner salesman (jets a commission of 7*/o . That 
Is, l:e ^ets 7*/o of the price of each vacuum cleaner which 

he sells. Kov/ much v/ould his commission be on a cleaner which 
he sold for $75? 

6. A real estate salesman gets a commission of 57© on every 
house v.'hich he sells, VJhat would Ijf the amount of the sales- 
man's commission on a house v;hich he sells for $25,000? 
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7. If you put $1000 m a savings account and iei"c it mere rnree 
years and it' ztne banK pays a% interest per year, wnat amount 
could you draw out at tne end of that time? 

8. Suppose a bank pays interest every six months on a sav- 
incs account. Is tnis oetter or worse than paying 3% every 
year? Show why your answer is correct. 

9. Suppose in the case of the town of 1000 population mentioned 
aoove, «he population increased oy b*/« the first year and 
H% the second. Do you thine the population at the end of 
tv/o years would be more, less, or the same as the i0y2 which 
we oDcamed above? V/hat are the yeasons for your answer? 
Then work it out and see if you are right. 

10. In a certain state, the income tax is 1% on the first $1000 
of net income, 2% on the second $1000, 3% on the thlrd$1000, 
and so on up to 10%. That is, if the net Income were $2,357 
a man would pay: 

1% of first $1000 or $10 
2% of second $1000 or $20 
3 7o of remaining $357 or $ 10.71 
His total tax would be: $^10. 71 
How much income tax would a man pay on a net income of $1|735? 

11. Real estate taxes are usually stated in "mills" that is, in 
thousandths. For instance, a tax rate of ^2 mills would be 
0.042 or h.2%. If the tax rate is 42 mills, how much tax 
would a man pay on a $15 #000 house? 
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12. A cl1;y government estimates tWt the total value of the 
taxable property within the city limits is about $120,000,000. 
They wish to set the taxes so that their income from that 
source will be about $2,760,000. What should the tax rate 

in mills be? (See Problem 11.) 

13. , The "average" of a team in a league is the decimal (to 

. three places) which rep'i»esents the ratio of its games won 
to its games played. That isj if a team played 11 games and 
won 3, its "average" would be ^ which, to three decimal 
places, is 0.273. What would its overall average be if It 
played five more games, three of which it won? 
Ih, A team, wins 15 garnet and loses 25, what is its average? 

15. A team plays ^60 games in a season. Its average after 
playing 25 games is .400. If it won the remaining 35 games, 
what v/as its average for trie season? 

16. Suppose the rival team to that in Problem 15 had an average 
of .800 after playing 25 games. If its average for the 
remaining 35 games was .^lOO, what would be its average for 
the entire 60 games? 

17. There are four teams A, B, C, D in a league. The games of 
the season are represented by the following table? 





A 


B 


0 


D 


A 


0 


8 


h 


1 


B 


12, 


0 


1 


8 


C 


16 


^ 13- 


6 


11 


D 


19 


12 


9 


'o 
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' where the table means that A won 3 games v;lth B, ^ vjith 
C and 1 with D; v/hile B won 12 giames with A, 7 with C and 
8 with D; etc. V/hat is the average of each tefim? 
*18. A baseball league has ten teams and each team plays the same 
number of games during the season with every bther team. 
VJhat would be the approximate sum of the averages of the ten 
teams at the end of the season? 

19. * Call the "wholesale price" of an article the amount the 

store pays for it an?l the "retail price" the price the store 
sells it for. If the store sets the retail price 5% above 
the v;holesale price, what will be the retail price of an 
article whose wholesale price*^^$7'5? 1^ the store gives 
the clerk at the counter a commission of 2% of the retail 
price, what is his commission on the same iarticle? VJhat 
will be the profit which the store makes after paying the . 
commission? VJhat percentage will this be of the wholesale 
price? ^ 

20. Dick knew he could buy a motor scooter for $200 and wanted 
to sell his Jalopy for enough to give him this ank>unt. Not 
belnG able to sell it himself he" approached a salesman 

who said he vjould charge a 10% commission. So Dick figured^ 
that 10% of $200 is $20 and therefore told the salesman to 
sell it for $20C. Did this accomplish v/hat he vjanted? 

21. An owner wished to get $2^,000 for his house after the 5% 
commission of the real estate salesman had been paid. He 
fo'ond that 5% of $2^!, 000 is $1,200. So he, set the price at 
$25,200. Did this accomplish what he v/anted? 
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no 
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3-6. Dlscoiint 

Suppose we look first at the results of Problem 20, Section 
3-5. V/e see that 10% of $?20 is $22 and by the time the commis- 
sion is paid, Dick Mould be $2 short of the $200 he needed for 
the scooter. Ke should have dii*ected the salesman to sell it 
fv/r just a little more, for instance, $223. Then the commission 
vjould have been $22.50 and the net amount he would have received 

* 

would have been $202.50. :But of course he need not have sold it 
for quite that much; so he could have tried a smaller amount; and 
so on. But he could have found an exact figure. He could have 
let P stand for the price he v/as to set and then the price he 
would after the commission would be: 

P - 0.10 X P «.0.9 X P. 
Thus he v/ants to set P so that 

0.9 X P = 200, 

that is, . 

P = §2| « $222.22. 

For this price the commission is $22.22 and he v/ould have exactly 
$200 left after paying the commission. 

V/e have shown that Dick should have set a price of $222.22 
for his car. Now if a friend had come along and wanted to buy, 
Dick couldhhave told him he v;ould take 10% off the price since 
he would save the fee of the salesman. In other v.'ords he vmuld 
offer his f;7iend a "107e discount", v;hlch is another v/ay of saying 
that he would sell it to him for 10% less than the price posted. 
Goods at a store are often sold at a discount. 



Similarly, if one were to seek a loan of $1000 from a bank 
vihich charced interest at 6%, the bank official might say, 
»»the interest on $1000 is $60. So I will subtract this from the 
$1000 and -ive you $9^0. Then at the end of the year, you" pay 
us back $1000." If it v;ere done chi-s way, the bank v:ould be 
lendinc money at a "discount rate of o^/J*— not an interest rate of 

. Notice that $60, beinc S^Z-'f $1000, is more than 67oof 
$940.' In fact, $60 is almost 6.i'%of $9^J0. The discount rate 
of 6% is approximately the same as an interest rate of . 

Ijixercises 3-6 

1. A $hOOO car is sold at a discount of 7%. For what price 
v:as it sold? 

2. A tovm having 1000 population decreased S"/** during a year. 
V/hat was its population at the end of the year? 

3. In Problem 21 of Section 3-5, what should have been the 
price v;hich the ovmer set on his house? , 

1}, A bank makes a loan at a discount rate of 5%. "'^at would 
be the equivalent rate of interest? (Hint: Try this first 
for a loan of $100, second for $1000. Then try to draw a 
(Seneral conclusion.) 

5, A tovm decreased in population by 5'/« one year and increased 
by 5*/ethe next year. Would its population at the end of 
the two years be less, than, more than, or the same as that 
at the beginninG? Explain your answer. 
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A store is going out of business and the first week all gQOds ^ 
are sold at a discount of 257« { that . is , marked down 257(ii . 
The second vieek they are sold at a discount of 10% on the price 
for the first week. Is the total discount in the end 35%? 
Give reasons for your ansv/er. 
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4-1. Basic Constructions 

The ruiei*. and epmpass are the tools used in the construction 
of geometric figures. The ruler is used as a straight edge to 
draw a representation of a straight line. The compass is used to 
draw a representation of a circle, or part of a circle called an 
arc. In geometry we o|"ten compajre two figures by comparing their 
shapes and comparing their sizes. When two figures have the same 
shape and the same size, we may say that they are congruent to 
one another. As a very simple case, consider two line se^ents. . 
Appearance tells us that any two segments have iihe same shape: 
being parts of lines, they are both straight; and being segments, 
both of them include their endpoints. Now the size of a segment" 
is its length. To say that tjwo segments have the same size means 
that they have the same length. Thus we now have a new way to 
refer to two segments with the same length; we may say they are 
congruent segments. 




In terms of a unit of length, AB and EP, as shown, have equal 
measure. We may say that W is congmaent to and we 'write AB m 
If. On the other hand,. CD is. not congruent to W, since 55 is 
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longer than W, You will recall that we have learned Another 
way to write in symbols that AB and EP have the same Icngthj we 
write that their measures are equal: AB = EP. 

The terms "right angle" and "perpendicular" lines should be 
familiar ;^o* you. You will recall that a right angle is an angle 
whose measure in degrees is 90. The two lines that form the 
right angle are perpendicular lines. A line segment is bisected 
at a point if the point separates it into two segments with equal 
measure . 

A P B _ _ ^ _ 
• • • ^ Point P bisects AB if AP = PB. 

t 

Suppose that segment AB is bisected 

at point P by a line that is f 

A P B 

perpendicular to AB, such as 1 =f 

line ^ . Line J. is said to be the ^ 

perpendic ular bisec tor of PS, > ' 

- ^ - - - 

Definition . The perpendicular bisector of a line segment is 
a line that passes throtigh the midpoint of the segment and forms 
" right angles with the segment. 

Let us see how to use the compass and ruler to construct the 
representation of the perpendicular bisector of segment CD. In 
oi^er to construct such a line, it is necessary to locate two 
points on it. Since a line has no breadth or thickness, it cannot 
be seen. In our construction work we will always be drawing 
representations of lines and circles. . ' . 

t 

Set the compass so that the distance between the two points 
of the compass is more than half of 5d, Place the sharp point of 
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Figure i*-la 



the compass on C . and ma^e an 
arc above .CD and another lire 
below CD. Keep the set of the 
compass the same, place the 
point on D and make two arcs 
that Intersect those drawn from 
C. Label the points of inter- 
section of the arcs E |and F. 
With a ruler draw line m • 
through B and F. IJ.ne m is 
the perpendicular bisector of 
CD. If the construction is 



accurate, ^ COS, £ EOD, / COP, ^ POD should all measure 90 degrees 
on your protractor. Also, segment CO equals se©nent W, Could 
you check this with your compass? Ti»y it. 

Sometimes it is necessary to construct a line that is per- 
pendicular to a given line and also passes through a given point. 

If we wish to construct a 



Figure 4-lb 



perpendic'ular to line JL through 
point P, we' need to find one 
more point on the second line. 
With P as center and a con« 
venient. radius, drawj^p arcs 
that intersect line ^ in points 



0 and H. Then with Q as a center and a radius longef than 
draw an arc above (or below) line JL , With the same rS«.us 
with H as a center, draw an arc that intersects the arc drawn 
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from G at J. With a ruler draw a line through J and P. 
This line is perpendicular to line JL at point P, 

In case the given point P is 
not on the given line A. , the 
construction is basically the 
s^ne as when P is on the 
given line. With P as a cen- 
ter and a convenient radius , 
draw two afKJs that intersect 
line X in points K and M. 
Figure 4-lc With K and M as centers, 

draw two arcs that intersect at 0 (use the same radius for these 
two arcs). The line through P and 0 is perpendicular to line 

Exercises 4-la 

— ■ ■ ' ' , " ' ■ 

/ 

1. Draw line segments of approximately the same length and in 
approximatfely the same position as shown below. Construct 
the perpendicular bisector of each segment. Do not erase 
any of the arcs used in the construction. 
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. Construct a perpendicular to a line at the labeled point on 
the line, pemember that a line extends indefiiiitely in two 
directions. Place the given lines and points on your paper 
in approximately the same position. 



(f) What do you notice about the two lines constructed at 
points S and T in part (d)? 

(g) What seems to be true about the two given lines- and 
the two perpendiculars constructed in part (e)? 

. Construct a perpendicular to a line Jt , through -a point not 



P 



..Q 






on the line. Place the given lines and points on your paper 



in approximately the same position. 
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k. Construct a rectangle whose sides are 1" and 2" long. Draw 
the 2" side as a segment on a line. Construct a perpendicular 
at each end of the segment. You can decide on the remaining 
steps in the construction. 

5. Construct a square whose sides are 3 centimeters long. 

^ 

•6. Try to construct a rectangle whose sides are 20 millimeters 
and 45 millimeters long with only one construction of 
perpendicular lines. 

Constructions with angles . 

We will discuss two constructions th*at are concerned with 
angles of any measure. Let us review the terras that apply, to 
angles. An angle is a set of points consisting of two rays with 
\an end point in common, and not both on the saune straight line. 
An angle has an interior and an ext.erior. In the figure, the 
exterior of the angle is shaded. Another name for the rays of 
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Figure h-id 



the angle is ''sides'* of the 
angle. The common end point 
of the rays of an angle is cal^.- 
ed the vertex of the angle. The 
mearure of an angle is the mea- 
sure of the interior of the 
angle. The unit for such measure 
is the protractor. An angle may 
be named by 3 letters, one at 
the vertex (middle letter), and one at a point on each ray. The 
symbol /_ stands for the word "angle". In the figure the angle 
may be named /_ ABC or ^ CBA . If no confusion results, we may 
name an angle by the vertex letter as ^ B. 

Since an angle is a geometric figure, we may speak of one 
angle being congruent to another. What do you think this would 
mean? The general notion of congruence tells us that congruent 
anples have the same size and same shape. Now the size of an 
angle is indicated by its measure. Hence, to say that two angles 
ha.ve the same siiie means that their measures (in degrees) are the 
same. Appearance tells us that any two angles with equal measures 
are shaped alike. Thus we now have a nev; way to refer to two 
angles with equal measure: vie may say that they are congruent 
angles. 
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The interiors of angles B and as shown, have equal measure. 
We may say ^ B is congruent to / P, and we may write ^ B « / P. 
Recall that another way of expressing this relationship is; 
m(/ B) =s m(/ P). In any given situation, our choice of expression 
\will depend upon whether we wish to emphasize the angles as being 
i congruent figures or the measures as being equal numbers. Which 
pairs of angles shown ab||/e are not congruent? 

To bisect an angle is to con- 
struct another ray through the 
vertex, interior to the angle, * 
so that the two angles formed 
by this ray and the sides of 
the original angle are congru- 
Plgure k^le ent. 
To bisect £ DEP, d.raw an arc with E as a center that inter- 
sects W in point G, and EP in point H. With the compass set 
at one distance, draw two arcs from points P and H that inter- 
sect at point J. A line through E and J bisects ^ DSP. Use 
your protractor to measure-^ DSP, £ DEJ, and ^ JEH. ' 

An angle whose measure in degrees is less than 90 is called 
an acute angle. An angle whose measure in degrees is more than 
90 is called an obtuse angle. We have constructed msht angles 
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with perpendicular lines The figures show an obtuse angle that 
has been bisected, and a right angle that has been bisected. 
Measure all the angles with your protractor. 

Suppose we wish to construct an angle congruent to a given 
angle. 





Figure ^-Ig 

Given / N and PQ. We wish to construct anot ier ray from 
point P so that it will make ap angle with PQ that is congruent 
to £ N. With a convenient radius draw an arc with N as a 
center that intersects the sides of / N in points X and W. 
With the same radius draw an arc with P as a center that inter- 
sects PQ in point *¥. Change the set of the compass to the dis- 
tance l-ZX. V/ith the compass set at this distance, make an arc with 
V as a center %tiat intersects the arc drawn from P at point 
Z. A ray drawn from P through Z completes the angle. 
Measure ^ WNX and ^ ZPY with your protractor. Are' the measures 
equal? 
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(a) Starting vjith a r^iy irawn in any convenient position, 

construct an ,pngld^ongruent to the angle in the 

. ' ■ • ' I 

figuji^ ^^^"^ niust set your compass carefully to the 

>v exa^r^v- distance used in the fig'jre. 



(i>) Repeat with figure (b). 

JJ^(c) Rep^t ¥j^?h figure (c). ' 
• Witt** y^ur' protractor measure /_ A and also the anglr that 
^you constructed. ^ 

)eat the two measurements with £ B and the angle that 
tonstructed. 





%fW) ^Repeat with / C. 
3. (a; /Draw an acute angle and bisect it. 

Draw an obtuse angle and bisect it. 
(c) Construct a right angle and bisect it. 



Using youy protractor, find the measure in degrees of the 9 



angles drawn ahd constructed in problem 3. 



3 

) 



Using the symbols >, <, make a definite statement about 

the^agasu^e oft ^■ 

(a) gHbh angle formed by bisecting a right angle. 
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(b) Each angle formed fay bisecting an acute angle. _J 

(c) lach angle formed by bisecting an obtuse angle. 

^ 4-2. Congruent Triangles 

Vlhen leaves are drifting to the ground in the fall, have you 
ever tried to find two leaves from the same tree which have exact- 
ly the same size and shape? V/hile we can tell whether a leaf is 
from an oak tree or a maple tree or some other kind of a tree, 
it is unusual to find two oak leaves which seem to be exactly the 
same size and shape if we place one on top of the other to compare , 
them. You may also have wondered why, among the faces of all the 
people you know, or even among all the people in a great city, 
you seldom find two which are very much alike. 

The wheat fields of two farmers may be "exactly" -he same 
shape aid size, although they usually are not. A manufactu:v'er of 
large bolts of a certain kind employs methods of "quality control" 
to try to make sure trat the bolts he makes will be neai-ly alike 
as. possible. Mathematics is used to determine whether ob^fects 
that appear to be alike actually are, and to determine the 
amounts and importance of difference In the objects. 

In order to study the characteristics of dbjects that are 
exactly alike, we begin, as scientists usually do, with a verj- 
simple situation. It turns out that the case of two triangles 
' - is the key to the general problem of determining when two objects • 

have exactly the same size and shape. Remember,, a polygon is a 
closed curve composed of line segments; and a triangle is a poly- 
gon with three sides. 
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The triangles ABC and DEP appear to have the same size and 
shape. If triangle DEP were traced on paper and the paper cut 
along the sides of the triangle, the paper model would represent 
a triangle and its interior. The paper model could be placed on 
triangle ABC so that the two triangles would exactly "fit". If 
point D were placed on point A with DP along AC, point P 
could fall on point C, and point' E could fall' on point B. In 
these two triangles there would be the following pairs of congru- 
ent segments' and congruent angles. 

AB « DS " / ABC = / DEP 

CB ^ EP . / BCA = i_ KFD 

. ^ CA ~ PD ^ CAB = / PDE 

Use your ruler and protractor to check these measures. No- 
tice that we have talked about the three sides of a triangle and 
the three angles formed by the three sides. Two triangles such 
as triangle ABC and triangle DEP that have the same size and shape 
are called congruent -triangles . The symbol = stands for the word 
"congi*uent"I 
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Exercises ^-2a 




Figure 4 -2a 

In Figure 4-2a the segments on the right are the same length 
as the corresponding sides of triangle JKM; and the angles below 
are congruent to the corresponding angles of triangle JKM. 

1. V;ith your compass and ruler construct a triangle as follows. 

(a) Set compass for the length JK, and mark along a line. 
Use segment JK f or one side of the triangle: Construct 
£ M at one end of JK; construct segment JM as the second 
side of / M. Draw the third side of the triangle through 
the end points marked on the two sides of ^ M. 

(b) Is your triangle the same size and shape as triangle JKM? 
If not, how is it different? Use compass and ruler to 
answer, 

2. Construct a triangle as follows: 

(a) Use segment JK for one side. Construct ^ M at point J 
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With JK for one side of the anglej construct ^ J at 
point K with KJ for the one side of the angle. Ex- 
tend the sides of the tvio ^constructed angles until 
they, intersect. 

(b) Is your triangle the same size and shape as triangle 
JKM? If not, how is it different? 

Construct a triangle as follows: 

(a) Use segment JK f or one side, with ^ J construcfed at 
point J and K constructed at point K with JK a 
side of each angle. 

(b) Is your triangle the same size and shape as triangle JKM? 
Use compass and ruler to Kihedi, 

Construct a triangle as follows: 

(a) Use JK for one sidej construct ^ J at point J; JM 
marked along the second side of the angle: draw side 
MK through the points M and K. 

(b) ' Is your triangle the same size and shape as triangle 

JKM? Use compass and ruler to check-. 
Construct a triangle as follows : 

(a) Use JK as one side;, set compass for the length JM and 

. with J as a center make an arc above JK; set compass 
for the length of MK and with K as a center make an 
.arc that intersects the first arc. Connect J v;ith the 
intersection of the arcs by a straight line; connect K 
with the intersection of the arcs. 

(b) Is your triangle the same size and shape a*? triangle JKM? 
Use compass and miler to check. . ' 



In exercise 4-2a three constructions resu3.ted in a triangle 
congruent to the given triangle JKM. In one figure the congruent 
triangle was constructed by using side JM, £ 3, and side JK. V/hat 
do you notice about the position of the angle in' relation to the 
two sides? This arrangement of two sides and an angle is called 
"two sides and the included angle"". Another such group would be 
side JK, ^ K, and side Wl, Is there another such group? 

Property 1 . Two triangles are congruent if two sides and 
the included angle of one triangle are congruent jp gspect ively to 
two sides and the included angle of the other triangle. 

In another figure the congruent triangle was constructed by 
using l_ J, side JK", apd ^ K. What do you notice about the position 
of the side in relation to the two angles? This arrangement of 
two angles and a side of . a trian'gle is called "two angles and the 
Included side". Another such gixiup would be /_ K, side KM, and 
^ M. Is there another such group? 

Property g. Two triangles are congruent if two angles and 
the included side of one triangle are congruent respectively to 
two angles and the included side of the other triangle. 

« ■ 

In a third figure the congruent triangle was constructed by 
using side JM, side JK, and side M. - 

Property 3 . Two triangles are congruent if the three sides 
of one triangle are congruent respectively to the three sides of 
the other triangle. ■ 

In three figures of a triangle congruent to triangle JKM 

^ - 

each angle was congruent to the corresponding angle in the given 
triangle, and fach side was congruent to the corresponding side 
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of the given triangle. 

Property k. If two triangles are congruent, then each pair 
of corresponding angles is congruent and each pair of correspond- 
ing sides is congruent. 

In the construction of a[ perpendicular to a line through a 
given point in the line, we used two of the properties about 



congruent triangles. 




In the first construction we 
show two ai^js intersecting at 
point J. If we draw the seg- 
ments GJ and JH, then there 
are two triangles, GPJ and PHJ 
formed. By construction GP = 
PH, OH « JH. The perpendicular 
'G P 'H to line X has the se©nent JP 

on it. JP is a side of each triangle, and so is called a common 
side. Sometimes we say JP ^ JP to indicate a common side. By 
applying Property 3, we know that triangle GPJ = triangle PHJ," 
since we have three sides of one triangle congruent to three sides 
of the other triangle. Angle JPG (opposite GJ) in triangle GPJ 
corresponds to angle JPH (opposite JH) in triangl^e PHJ, By apply- 
ing Property ^, we know that £ JPG is congruent to ^ JPH. The 
two rays, To and PfT represent an angle measure of 180 degrees . 
Hence, angles JPG and JPH each measure 90 degrees and are right 
angles. 



Exercise 

In the figure the construction of the bisector of / ABC is 
shdwn. Two segments, 13 and DC are drawn. 



(a) What parts of triangle ABD are congruent to corresponding 
parts of triangle BCD by construction? 

(b) Is there another part of triangle ABD that must be con- 
gruent to a part of triangle BCD? Why? 

(c) Is triangle ABD congruent to triangle BCD? Why? 

(d) Is / ABD congruent to £ DBC? Why? 

In the figure the construction of £ HJK congruent to £ EPO is 
shown. Segments EG and HK are drawn. 



(a) What parts of triangle EPG are congruent to corresponding 
parts of triangle HJK by conatiniotlon? , 





(c) 



Is triangle EPO congruent to triangle HJK? Why? 
Is ^ J congruent to £ P? Wiy? 
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3. Use your protractor find 
the measure in degrees of the 
3 angles in each triangle. 

(a) Are there spme pairs of 
congruent angles. If 
so, list them. 

(b) Could we say that the 
triangles are congruent? 

(c) Suppose that triangle DEF were constructed with the same 
size angles, but with EF the sa^e length as BC. What 
would be true about the two triangles? Why? 

■k, Mr. Thompson wishes to measure the diststnce between two posts 
on edges of his property, A grove of trees between the two 
posts (X and Y) make it impossible to measure the distance 
XY directly. Mr. Thompson locates point Z such that he can 
lay out a line from- X to Z 
and continue it as far as 
needed. Point Z is also 
in a position such that Kr. 
Thompson can lay out a line 
YZ and continue it as far as 
needed. Mr. Thompson knows 
that £ 1 « ^ 2 since they are 
vertical angles. He extends 
1y so that QZ 2r yS". 



r 
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(a) How does he lopate point R? 

(b) What property does Mr. Thompson apply in locating points 
,Q and R? 

(c) How does Mr. Thompson determine the length of ICY? Why? 
Corresponding sides 6f congruent triangles are sides that are 
opposite pairs of congruent angles. 




In the congruent triangles, QRS and TUV, the pairs of congru- 
ent angles are marked. That Is, ^ Q = / T, / R 3r / U, / S = 

(a) Make a statement of congruence about each pair of corres- 
ponding sides. 

(b) Congruent triangles XY2 and ABC have the pairs of 
congruent angles marked. Make a statement of congruence 
about each pair of corresponding sides 

(c) Repeat (b) with the figure in problem 4. 
Corresponding angles of congruent triangles are angles that are 
opposit%, congruent sides, 

132 
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(a) In the congruent triangles, ABC and DSP, the pairs, of 
congruent sides are marked. That is, CA « DS, AB = EP, 
BC J DP. Make a statement of congruence about each pair 
of corresponding angles. 

(b) Make a statement of congruence about each pair of 
corresponding angles in triangles XYZ and ZQR in problem 
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The construction of the perpen- 
dicular bisector of segment CD 
is* shown. Usually the same 
length radius is used for the 
four arcs.' However, it is only 
necessary for the two arcs that 
intersect on one side of the 
segment to have the equal radii, 
Thus^ the arcs drawn from C and 
D that intersect at E have 
equal radii, and the two arcs 



drawn from C and j| that intersect at F. have equal radii* 
By applying same of the properties about congruent triangles, 

« 

show why EP bisects CD and is perpendicular to SI5". Hint. 
First think about the large -triangles JPE and EDF, then about 
another pair of triangles that seem to be congruent. 
♦8. (a) How many pairs of congruent triangles are there in the 
# figure for problem 7? List them by pairs. 

(b) Show by appropriate marks the corresponding Bides of 
congruent triangles. 

(c) List the pairs of corresponding angles of congruent 
triangles that are congruent. 

^-3. Concurrent Lines 

An interesting study of triangles deals with concurrent lines. 
Three or more lines on a point are said to be concurrent lines. 
The figure shows three concurrent lines on the point K. 




Several sets of concurrent lines are associated with tri- 

V 

angles. Using your straightedge and compass, carefully construct 
a triangle and the perpendicular bisectors of its sides. jDo tlie' 
perpendicular bisectors seem to meet in a point? If yo\j did your 
work carefully, you found that the three perpendicular bisectors 
met in a point. Does this prove that the perpendicular bisectors 
of every triangle meet in a point? You have already found in your 

J34 
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study of mathematics that one special case does not prove a pro- 
blem in general. It is true, however, that the 3 perpendicular 
bisectors do meet in a point in every triangle. If you continue 
your study of mathematics you will one day prove this theorem. 
The figure you have Just constructed should be similar to the 
figure below. 




Figure ^^-3 

Do you notice any relationship between a circle with center 

at 0 and the vertices of the triangle? Use your compass and 

construct a circle with center at 0 and a radius OA. What seems 

m 

to be true? 

Exercises 

1. Draw, the following: 

(a) 3 concurrent lines 

(b) M concurrent lines . 
-(c) 5 concurrent lines 

2. Draw three concurrent rays such that the endpoint of ^he rays 
is the only element in the intersection set of the three rays, 

3. How many angles are formed by the rays in exercise 2? 
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ttfhlch of tl-^^^l lowing appear to be concur)*ent lines or rays? 
In each figure consider all lines shown. 




5. Using your straightedge and compass, bisect the sides of a 
triangle. Now construct each line which connects a vertex of 

■ a triangle with the mid-point of the opposite side. Do these 
lines seem to meet in a point? These lines are called the 
"medians" of a triangle. 

6. Using your straightedge an^ compass, construct the line from 
each vertex of a given triangle which is perpendicular to the 
opposite side. Do these lines seem to meet in a point? These 
lines are called the "altitudes" of the triangle. 

7. Using your straightedge and compass, construct the bisector 
of each angle of a given triangle. . Do these lines seem to 
meet in a point? 

Note: In working problems 5, 6, 'and 7 you have di^cov^red three 
more importa^ sets on concurrent lines. Of course, ycLr special 
cases do not prove that the three sets are in- general copcurrent. 
Proofs -are possible^ however, we will not consider them. 
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4-4. Quadrilaterals 

We have been calling a polygon with 3 vertices Joined by 3 
line segments a tria ngle . Do you know what the prefix "tri" means? 
Think of words like "triangle", "trio", "triple", and the like. 
Poes this suggest the meaning of the word triangle? In a similar 
sense we call a pplygon with 4 sides a quadrilateral . If R, S, 
T, and V are 4 distinct points, no three of which are on one line, 
then the polygon (See Figure 4-4a) formed by the segments RS, OT, 
TV, and VR is a quadrilateral, and is referred to as the quad- 
rilateral RSTV. The 4 segments are its isdes, and the points R, 
S, T, and V are called its vertices. The angles RST, STV, TVR, 
and VRS (also called "angles S, T, V and R") are the angles of 
the quadrilateral. 




Figure 4 -4a 

Since we have Just made a study of triangles, we are now 
ready to consider polygons of 4 sides, or the quadrilateral. 
Certain special kinds of quadrilaterals are hot only interesting, 
but very important. 
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Before considering some special cases, let us consider 
Figure 4-4a again. The line segmenta<*doining opposite vertices 
are called the diagonals of the quadrilateral. SV and ^ are the 
two diagonals. You remember that the sum of the measures of the 
angles of a triangle is l8o°. What do you think would be the sura 
of the measurf of the angles of a quadrilateral? took at Pigur^ 
.4 -4a again. Into what kind of polygons does SV divide the quad- 
rilateral? Can you now tell the sum of the measures of the angles 
R, S, T, and V? The unit of measure for angles that we shall use 
is the degree. 

Parallel Lines 

You have already studied parallel lines. Before considering 
the parallelogram, let us study parallel lines x'or a few minutes 
by way of review and also add some new ideas. 

The opposite sides of your straightedge may be considered to 
be parallel. Use it to draw two parallel line segments M and RS, 
similar to those shovm in Figure 4-4b. Now draw any line CD inter- 
secting MN at A and RS at B. Using your protractor find the 



C 




Figure 4-4b 



>m {/ NAB) and the m SBA). If the opposite sid^^f*your 

straightedge are really parallel and you did your work carefully, 
you should find the^ sum of these two measures to be l8o. "SB" la 
called a transversal. When a transversal cuts two parallel lines 
the angles formed, having the position of / NAB and / S^A, have a 
td%il measure of l80. The converse is also true. That is, if 



any two lines are cut by a transversal, and the sura of t^ie^ea- 
sures of the angles/Cn the positions corresponding to /_ NAB a&id 
^ SBA is 180, then the lines are parallel, * 

Let us consider Figure 4-4b again. This time measure / MAB 
and ^ RBA. Are these angles congruent? They are if m and RS 
are parallel and you did your work carefully. It is also true 
that if two lines are cut by a transversal and the angles in posi- 
tions corresDonding to / MAB and ^ RBA are congruent, then the 
lines are parallel. Are there other pairs of angles which are 
congruent or the sum of whcne measures is I80? See if you can 
find seme. 

Parallelogram 

A parallelogram is defined as a quadrilateral having its 
o'pposite sides parallel. It is also true that if the opposite 
sides of a quadrilateral are congruent, then the quadrilateral is 
a parallelogram. 

Using your ruler and pi^st-^ctor make the following drawing. 
Select any point on your paper and call it A. Now draw an angle 
at A having the measure of 60. Next, mark off on one ray AB 
2 inches long, and on the other ray AD 3 inches long. Make an 
angle at B, with M as one side, having a measure of 120; Locate 
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a point C en the other side of this aiigle so that ^ is 3 inches 
long. Draw CD. What is the measure of 55? What are the measures 
of the angles at C and D? YOur figure should be similar to 
Figure 4-4c. A 




Figure 4 -4c 

Consider ^ as a transversal cutting AD and In view of the 

sum of the measures of angle ^ DAB and /_ ABC, what is the r-latlon- 
ship of AD and BC? What can you say with regard to the relation- 
ship of AB and CD? Are they parallel? vniat kind of quadrilateral 
is your polygon? 

Now draw diagonals BD and AC" intersecting at <J» Measure 
and OD. Do they seem to be equal? What about the measures of OA 
and 0^? Would it seem, then, thit the diagonals of a parallel- 
ogram bisect each other? It is true that they do. Let us write 
the, proof. Of course, we shall have to use parallel line facts 
which were not proved to be true. You were told, however, that 
they were true and they seem to be true by measurement. Always 
keep in mind that measurements are only approximate. 

Uo 



CoiSider the. triangles AOD and BQg of Figure 4-4c. Now AC is 
a transversal cutting parallels AD and M. In view of your work 

, with parallel lines m (/ OAD) = m (/ OCB). In a similar way you 

li - — — • 

should see that m ODA). « m OBC). Since AD and BC are oppo- 

site sides of a parallelogram they are oengruent.' We now have the 

following information: 

/ OAD = £ OCB _ 
£ ODk^ OBC 
AD = BC. 

You can now see that vie have two triangles, AOD and HOC, which 
have two corresponding angles and the included sides congruent. 
By Property 2, these triangles are congruent. Since they are 
congruent, then their corresponding sides are congruent. That is: 

OA = 6c 

and \ GD, 

We have thus shown that the diagonals bisect each other. You 
will do move work of this kind when you get to 10th Grade Geo- 
metry. This method of proof is called the, deductive method. 

Rectangles and Squares 

There are 2 types of polygons of 4 sides which are special 

cases of a parallelogram. These 2 types of polygons are not only 

interesting, but useful. 

^' Rectangle . A rectangle is a parallelogram in which each 
• • • 

angle measures 90. Using your tools of geometry^ carefully: con- 
struct a parallelogram having two opposite sides each 4 inches 
I6ng, two opposites sidea^ each 6 inches long, and all angles 
measure 90, Note that the rectangle has all of the properties ; 
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which apply to the parallelogram. 

2. Square . Repeat the above construction^ but this time let 
all the sides be k inches in length. Again you have a special ^ 
kind of parallelogram having all sides congruent and all angles 
measure 90. The square will be important . in - the next section. ' 

I , 

Exercises 4-4 

• ' '■ • . . * i 

1. Which of the following figures aare quadrilaterals? 




2, Which of the figuires in exercise 1 appear tb be parallelograms? 

3. Given a line segment m. Now, using your straightedge and 
compass, do the following; Cohstruct • the perpendiifular 
bisector of Wf . Select any jDoint R on the perpendicular 
bisector, which is not on W,' and construct a perpendicular 
to it at point R. Let this perpendicular be RT. Are the 
segments W and W parallel? Why? • 



Using your straightedge ana protractor, drfilw parallelogram - 
having all sides 4 inches long and its angles equal in 
measure to 8o and 100. Is this a square? Why? 
Given a line segment 5cy", H inches^long. Using your straigh't- 
edge an4 compass, construct a square with XY as one of its 
sides. Keep in mind that the intersecting angles of perpen- 
dicular lines measure 90. 

oiisfen a line segment jM. Using your straightedge and compass 
make the following construction. At point B construct 'the 
perpendicular to ABi Prom any point C . on this perpendicu- 
lar draw A?. V/hat polygon do you have? Now construct a 
square on each sides of the triangle. You v/ill have' three 
squares, such that AB is a side of one square, BC is a side 
of a second square, and AC is a side of the third square. 
Can a square be classified as a rectangle? Explain your 
answer. 

Can a rectangle be classified as a square? Explain your 
answer. 

Do the diagonals of a square bisect each other. Explain 
your answer. 

Return to your figure of exercise 5. Draw the diagonals. 
What relationship do you think exists among the intersecting 
angles of the diagonals? Maybe your protractor will aid you 
in answering the question. Keep in mind that a general state, 
ment cannot be made, based upon measurements. By use of con- 
gruent triangles you oould prove your answer. Qlv'e It a try. 
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Sometimes it is convenient to name triangles according to 
measures of the angles. Consider the following three sets of 

ft 

trianfTies: 
fa) 




m 



(/ a) is 90 



(b) 




m b) is 90 




■j^ (l c) is 





m (/ x) is 120 



m y) is 110 






The triangles in set (a) each contain an angle with measure of 
90°, Triangles having this property are cklled right triangles . 
The triangles in set (b) each contain an obtuse angle (an angle ' 
with measure greater than 90) . Triangles having this property 
are called obtuse triangles . Triangles in "set (c) contain only 
acute angles (angles with measure less than 90), Triangles having 
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this property are called acute triangles . 

You are now almost ready to study a very important and useful 
property of right triang*ies. tet us study the square further 
before taking up this property. Consider the following figure: 



B 

3 
P 



3 C 



A»4'3 

= 12 


A»3-3 
= 9 


A*4»4 
= 16 


A«3'4 

«12 



3 
S 



Figure 4-5a 

In this figure we have the square ABCD, with each side having a 
measure of 7 units. You remember, of course, that the area of a 
square is equal in measure to the square of one side: that is, 
A » s^, where A stands for area and s represents the length 
of one side. Ihe area of ABCD Is then: A » 7 • 7 « ^9 square 
units. Looking again at Figure 4-5a you j*ill notice that it has 
been divided into ^ parts. These parts consist of two squares 
and two rectangles. You will further notice that the area for 
each part Is indicated. How does the sum of the area of the 4 
parts compare with the area of ^ the square ABCD? 

Let us consider the same square divided into pax^s in a 
different way as follows.!" 
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Figure 4-5b , 

Again, the area of square ABCD is equal to ^9 squar^ units In 
measure, fhis time the Square is divided into 4 right triangles 
and thti quadrilateral PRST. V/hy are the 4 triangles right tri- 
angles? You remember that the area of a triangle is equal Xn 
measure to ^ of the product of the base and the altitude.. Since 
the 4 triangles are all right triangles,' you may consider the base 
of each triangle to be 4 and the altitude to be 3. The area of 
each triangle is then: A m ^(4 • 3) » ^square units. The total 
area of the h triangles is 24 square units. Can you say the k 
triangles are congruent? V/hy? 

What is the area of the square ABCD? You, of course, get 
49 square units. Now, since the area of the square ABCD ia-49 
square units and the total area of the 4 triangles is 24 square 
units, the area of the quadrilateral PRST Is 23 square units. 
What SReclal kind of quadrilateral do you think PRST might be? 
Since the 4 triangles are congruent, then RS, sf, and TP 

V 

* 

are congruent by Property 4. Heiice, PRST is at least a parallel- 
ogram, since its opposite sides az*e congruent.. Also, since the 
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triftn^Xes congruent, / BPR - ^ CRS, by Property Now let 
us consider' the following: 

1. You know that ra BRP 4- m (£ms) + ra SRC) is l80. 
Why? ... * 

2. Yqu also know that m BPR) ^ m PBR) »- m (/ BRP) is 
l8o. Why? 

3. Now ra {/ PBR) is 90. Why? What then must be m BPR) 
+ m (/ BRP)? With some thought you will realize it is 
go, because l8o - 90 « 90. 

4. Since / BPR - / CRS, by Property 4, and m ( / BPR) i-. 
^ m (/ BRP) is 90 from item 3 above, you should see that 

m (/ BRP) + m CRS) is 90. 

5. Now since m BRP) m PRS) + ro (/ SRC) is l80, from 
item 1, and m (/ BRP) + n (/ CRS) is 90, from iliem 4, 
you should see that m {£ PRS) is 90. 

You can see that quadrilateral PRST is a square. Let us 
summarize what we have learned, 

1. PRST is a quadrilateral because it is a polygon of h 
sides. 

2. PRST is a parallelogram because its opposite sides are 
congruent. Furthermore, we know^hat all of its sides 
have equal measure. We know this because the 4 triangles 
are congruent. 

3. We have shown that m (/ PRS) is 90. In a similar manner 
we can show that / RST, £ STP, and / TPR measure 90. 

Hence, we have a quadrilateral whose sides and angles are all 
equal* This kind of polygon, as you know, is a square. 

^ I47 
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Since PRST is a square^ the measure of whose area is 25 
aquare units, what do you suppose is the measure on one side? 
Since the area of a square whose side measures 3 inches is 5 * 3 
» 25 square Inches, we know then, the ^ides of PRST each measure 
5 units. 

ft 

Let us now consider the right triangle PBR in Figure i»-5b. 
Suppose we construct a square on each side of the triangle as 
shown in Figure 4-5c, 



B 


(b) 


(a) 





Figure h^^o 

What are the areas of these three squares? You know that the area 
of square (a) is 9, of square (b) is 16, and of square (c) is 
25. What do we get when we add the areas of square (a) and square 
(b)? You see that the sum of the areas of (a) and (b) is 25, 
the same area as square (c}. 

The side opposite the right angle of a ri^t triangle is 
called the hypotenuse . In this special case we have seen that 
the measure of the square on the hypotenuse of a right triangle 
is equal to the sum of the measures of the squares on the other 



two sides. In this work you have. been introduced to one of the 
most important and one of the most beautiful theorems in all 
mathematics. Of course, we. have not proved the theorem in ^ 
general, but it is true. The theorem may be stated as follows: 
In a right. triangle the square on the hypotenuse is 
equal to the sum of the squares on the other two sides. 
Given the right triangle ABC as shown in Figure 4-5d, where 
m ACB) is 90. • 




It - 

A b 

Figure 4-5d .^'^ * 

Let us name S^, aj AC, b; and KS, C. , You may now statk^,t^ 
theorem in the following form: 

Special cases of this theorem were known by the Babylonians 
and the Egyptians at least some 2000 to 3000 years jbefofe Christ. 
It remained, however, for some mathematician of th^ Pythagorean 
School to prove the theorem for the general case. For this 
reason the, theorem is know as the Pythagorean ' Theorem in honbr 

' I - I ■ ■[ II. J » .11 nil. Jim II , 

of Pythagoras, after whom ttfje school was named, (When and where 
did Pythagoras live?) 
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It has been saitl that Pythagoras noticed t^is p^^pe^ty 



of the 



right triangle by looking at a mosaic like the one above. 
Does this hqlp you to see the property better? Suppose the 
mosaic is cpnst-ructed from small squares which are congruent. 
. What can you then say about th^ small triangles formed by 
drawi|ig the diagonals of the squares? Now compare the number 
of triangles' in the square of the hypotenuse with the sum of 
the .triangles in the squares of the other two si<|es, 

2. Using your straightedge and protractor draw the following 

a 

triangles: 

(a) Obtuse triangle y. . 

(b) Acute triangle 

■ # ♦ 

(c) Right triangle * 

3. Carefully reproduce Figure 4-5a and call this your Figure 1, 
Also carefully reproduce Figure M-5b and call it your Figure 
2. Use an inch as your unit. Now cut out your Figure i and 
cut it into the two squares and the two rectangles as 
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indicated in the figure. Next, divide the two rectangles :in- 
to two equal 'triangles each. Will these trian^^les fit on too 
of the triangles in your Figure ?? Vfhat can you now say with 
respect to the sum of the areas of the two squares in your . 
PifcSure 1, anu the area of the quadrilateral PRST in your 
Figure 2? Now fit the two squares of Figure 1 on the sides 
of triangle BPR in an arrangement siml^lar to Figure 4~5c. 
''//hat theorem have you now deraonstrated'SJ 

Show for the following numbers 'that the square of the first 

« 

is the sum of the squares of the ot|}ers in each set of 3: 

(a) 5, ^, 3 (c) 25, 7, 2^ 

(b) 13, 5, 12 (d) 20, 16,^12 

Draw or construct triangles with the sides of length (in 
centimeters) given in the parts (a) and (b) of exercise 3. 
Use your protractor to show that these triangles are right ) ■ 
triangle's . 

m 

t 

Draw right 'triangles, the lengths of whose shoijter sides 
(in centimeters), are: 

^a) 1 and 2 {^) k and 5 (c) 2 and 3. 

Measure with a ruler to the nearest one-tenthh of a centimeter, 
iff poss.ible, the lengths of the nypotenu^^s^of these *lrlangles 
Use the rifeh,t triangle principle to fihd the squares of the 

'lengths of the hypotenuses of the jtri^igles in exercise 6. 

In using unsigned numbers, we say that the square root of 25 

is 5 and the square root of 16 is 4. we would say that the 

... * ^ 

square root of 5 is a number such that its square is 5. We 

know that there is no fraction or whole number of which this 
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is. true. We oan, however, find a number for which this is 
true. The approximate values of square roots of some of the 
whole 'numbers are given in the table pf square roots. ' Use 
the table (See last pag^ of this Unit,) of square roots to 
find approximate values, of the square roots of the following: 

(a) 5 ' (b)' h\ (c) 13. 

Compare the results in exercises 6 and 8. Explain, using 
the property of right triangles, why we might expect the re- 
suit of exercises 6 (a^ and 8* (a) to be about the same. Do 
the same for the parts (b) and (c) of exercises t and 8. 
Use the property of right, triangles to find the lengths of 
the hypotenuses of right triangles with sides given of the 
following, lengths: 

(a) sides of length 3 units and 5 units 

* 

The square of the length of the hypotenuse Is 

3^ 4- 5^ = 34. 

The length of the hypotenuse is the square root of 3h . Prom 
the table we find that this is 5.8, correct to the nearest 
one-tenth. 

(b) 3 and' 6 (c) 3 and 9 (d) 1 and 3. 

Draw a square whose sides. are of length 1 unit. What is the 
length of the diagonal?' Check by measurement. Now draw a 
right triangle with the sides 1 unit long. What is the 
length of the hypotenuse? 

Now draw a right triangle of sides "square rool^ of 2". and 1 
unit in length as shown in the figure. In the figure the 
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length of AB is the square root of 2. What is the length of 
the hypotenuse of this new triangle? 
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No, 



TABLE 

» ■ 

SQUARES AND SQUARE ROOTS OP NUMBERS 



Squares 



Square 
roots 



No. 



Squares 



Square 
roots 



2 

3 

h 

5 



6 

7 
8 

9 
10 



1 
k 

9 
16 

25 



36 

6? 
81 
100 



1.000 
1.4lli 
1.732 
2,000 
2.236 



2.4^9 
2.646 
2.828 
/ 3.000 
3.162 



36 

37 . 
38 

39 

ho 



hi 
42 
43 

45 



1,296 
1,369 
1,444 
1,521 
1,600 



1,681 
1,764 
1,849 
1,936 
2,025 



6.000 
6.083 
6.164 
6.245 

6.325 



6.403 
6.481 
6.357 
6.633 
6.?08 



11 
12 
13 
14 

15 



121 
144 
169 
196 
225 



3.317 
3.4v^4 
3.606 
3.7^2 
3.873 



46 

^♦7 
48 

^9 
50 



2,116 

2,209 
2,304 

2,401 

2,500' 



6.782 
6.856 
6.928 
7.000 
7.071 



16 

17 
18 

19 
20 



256 
28q 
324 
361 
400 



4.000 
4.123 
4.243 

^.359 
4.472 



51 
52 
53 
54 

55 



2,601 
2,704 

2,809 
2,916 
3,025 



7.1^1 
7.211 
7.280 
7.348 
7.^16 



21 
22 
23 
24 

25 

26 

27 
?8 

29 
30 



441 
484 

529 
576 

625 



676 

729 
784 
841 
900 



4.583 
^ .690 
4.796 
4.899 
5.000 



56 
57 
58 

60 



-5.099 
5.196 
5.292 
5.385 
5.i^77 



61 
62 
63 
6ii 

65 



3,136 
3,249 
3,364 
3,481 
3,600 



3,721 
3,844 

3,969 
4,096 

^,225 



7.^83 
7.550 
7.616 
7.68a 
7.746 



7.810 
7.874 

7.937 
8.000 
8.062 



31 
3? 
33 
3i» 
35 



961 
I, 09k 

1,089 
1,156 
1,225 



5.568 
5.657 
5.745 
5.831 
5.916 



66 

67 
68 
69 
70 



^,356 
4,48q 
4,62^ 
^,761 
4,900 



8.12^^ 

8.185 
8.246 

8.307 
8.367 



No. 


Squares 


Square 
roots 


71 
72 
73 
7h 

75 


5,041 
5,184 

5,329 
5,476 
5,625 


8; 426 

8.485 
8.544 

8.602 
8.660 


76 
77 
78 

79 
80 


5,776 

6,241 
6,400 


8.718 

8.775 
8.832 
" 8.888. 
8.944^ 


81 
82 
83 
8ii 
85 


6,561-' 
6,724 

6,889 
7,056 
7.225 


9.000 

9.055 
9.110 
9.165 
9.220 


86 

87 
■ 88 

89 


7' 5!^ 
7!74? 
7,921 
8,100 


. 9.274 • 

9.327 
9.381 
9.434 
9,487 


91 
92 
93 
94 


8,281 
8,464 
8,649 
8,836 
9.025 


9.539 
9.592 
• 9.641? 

9.695 , 

9 . 747 


96 
97 
98 

99 
100 


9,216 

9,409 
9,604 

9,801 

10, 000 


9.798 
9.849 

9.899 
9.950 
10.000 



